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0 Introduction 

The usefulness of mathematical models based on shallow water equations (SWE) 
i s generally recognized f o r hydraulic problems i n c i v i l engineering. Mathemat­
i c a l models based upon SWE are applied not only to estimate water l e v e l s but 
also f o r the c a l c u l a t i o n of d e t a i l e d flow patterns. Not only should the numer­
i c a l method be accurate but i t must also be s t a b l e . This s t a b i l i t y should not 
be obtained at the cost of numerical d i s s i p a t i o n . Many e x i s t i n g methods pro­
duce disappointing r e s u l t s because e i t h e r i n s t a b i l i t i e s are obtained or numer­
i c a l d i s s i p a t i o n causes very inaccurate r e s u l t s , e s p e c i a l l y i f the flow con­
ta i n s eddies. 

This work contains a step-by-step d e s c r i p t i o n of the construction of a f i n i t e 
d i f f e r e n c e method (FDM) for the approximation of SWE. A robust, yet accurate, 
FDM i s constructed which i s app l i c a b l e to a wide range of p r a c t i c a l problems 
of SWE i n c i v i l engineering. 

The f i r s t chapter discusses general notions l i k e s t a b i l i t y and convergence. 
Other aspects such as wave propagation properties and the existence of s p u r i ­
ous roots are als o important. The understanding of FDM behaviour i s enlarged 
by considering boundary value problems as w e l l as i n i t i a l value problems. I t 
i s s u f f i c i e n t for present purposes to consider only l i n e a r equations with one 
dependent v a r i a b l e . 

The second chapter i s devoted to s p e c i a l methods for approximating a simple 
advection equation. These methods can be implemented for the approximation of 
the advection operator of SWE. FDMs which are accurate with respect to time-
dependent problems are not n e c e s s a r i l y accurate when they are applied to 
steady state problems. For p r a c t i c a l a p p l i c a t i o n s a FDM must be accurate i n 
both cases. 
The t h i r d chapter describes several FDMs for SWE that are well-known from the 
l i t e r a t u r e . To d i s t i n g u i s h the d i f f e r e n c e s , i t i s s u f f i c i e n t to consider only 
l i n e a r i z e d and homogeneous SWE. The important advantages of so - c a l l e d "stag­
gered g r i d s " w i l l also be explained. 
The most e f f i c i e n t e x i s t i n g FDM for p r a c t i c a l problems of SWE i n c i v i l engi­
neering seems to be the Leendertse method. Moreover, p r a c t i c a l experience with 
t h i s method i s extensive. Yet t h i s method has a disadvantage concerning l i n e a r 
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s t a b i l i t y with respect to the advection operator. This chapter shows how t h i s 
method can be s t a b i l i z e d , so that the e f f i c i e n c y i s maintained by a p p l i c a t i o n 
of the methods proposed i n chapter 2. A l i n e a r s t a b i l i t y a n a l y s i s of the 
r e s u l t i n g scheme i s given. 
Most of the schemes described i n t h i s chapter are of the ADI-type. For prac­
t i c a l a p p l i c a t i o n s these schemes often y i e l d large inaccuracies for very large 
timesteps. 

In chapter 4 i t i s shown how one of the FDMs which are proposed i n chapter 3 
can be extended to an approximation method f o r nonlinear SWE. 
A few aspects of nonlinear FDMs w i l l be i l l u s t r a t e d by simple examples. 
For p r a c t i c a l a p p l i c a t i o n s the boundary treatment i s very important. 
In t h i s chapter the boundary treatment i s considered from a p r a c t i c a l point of 
view. For example, water l e v e l s or v e l o c i t i e s can be prescribed at open bound­
a r i e s such that almost n o n - r e f l e c t i v e boundary conditions are obtained not 
re q u i r i n g s o - c a l l e d "Riemann i n v a r i a n t s " . 
This chapter also contains a d e s c r i p t i o n of the numerical treatment of t i d a l 
f l a t s . 

In chapter 5 a few examples w i l l show that the FDM proposed i n chapter 4 i s 
appl i c a b l e to a wide range of p r a c t i c a l problems. The approach i s purely 
numerical, i . e . , model adjustment i s considered to be beyond the scope of t h i s 
work. This chapter shows, f o r example, that for complicated flow patterns the 
s t a b i l i t y of the model i s maintained even when the v i s c o s i t y i s very small. I t 
also demonstrates the t i d a l f l a t procedure and the s e n s i t i v i t y of the model to 
v a r i a t i o n of several model parameters of non-slip boundary conditions versus 
perfect s l i p boundary c o n d i t i o n s . A p r a c t i c a l steady flow problem i s de­
scri b e d . A l l d e s c r i p t i o n s i n t h i s chapter are b r i e f since chapter 5 i s meant 
as an i l l u s t r a t i o n of the a p p l i c a b i l i t y of the FDM. 

Chapter 6 contains general conclusions. 
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1 Preliminary Remarks on Linear Equations 

1.0 Introduction 

Section 1 of t h i s chapter t r e a t s basic aspects of the numerical approximation 
of d i f f e r e n t i a l equations such as consistency, convergence and s t a b i l i t y . The 
treatment w i l l be based upon l i n e a r equations with a time-space domain that i s 
one-dimensional i n space. To e x p l a i n the relevant concepts however t h i s i s not 
a r e a l l i m i t a t i o n . 
Section 2 describes a few methods f o r the determination of s t a b i l i t y condi­
tions of f i n i t e d i f f e r e n c e schemes. Examples are given both for ordinary 
d i f f e r e n t i a l equations (ODEs) and for p a r t i a l d i f f e r e n t i a l equations (PDEs). 
Section 3 deals with the accuracy of numerical approximations of i n i t i a l value 
problems of ODEs and PDEs i n terms of phase and amplitude e r r o r s . 
Section 4 i l l u s t r a t e s some aspects of the numerical approximation of boundary 
conditions concerning the r e l a t i o n between the order of consistency and the 
order of convergence by means of a simple example. 

1.1 D e f i n i t i o n s 

This section t r e a t s the concepts of consistency, convergence, and s t a b i l i t y of 
approximation methods for d i f f e r e n t i a l equations. The d e f i n i t i o n s are based 
upon the work of Godunov and Ryabenki [4]. 

A d i f f e r e n t i a l equation w i l l be w r i t t e n i n the symbolic form given by: 

L u(x,t) - f ( x , t ) , x e Q, Q e R, te [o,T] (1.1-1«) 

with boundary conditions*: 

1 u(x,t) = ()>(x,t), ( x , t ) 6 r , (1.1-lb) 

whe re: 
L and 1 denote d i f f e r e n t i a l operators and 

* I n i t i a l conditions are considered as a s p e c i a l type of boundary c o n d i t i o n s . 
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r i s the boundary of Q x [0,T] 

The system of equations (1.1-1) i s assumed to have a unique s o l u t i o n u(x,t) 
which belongs to a normed l i n e a r function space U and for which the f o l l o w i n g 
r e l a t i o n holds: 

|| U ( x . O H y i c j l f ||F+ c 2 II4» II ̂  d . l - 2 ) 

where F and <E> are normed l i n e a r function spaces, Ci and C2 a r e constants 
and ||. || ||. ||p and || . ||̂  denote norms i n the spaces U, F and $. 
From t h i s r e l a t i o n i t follows that (1.1-1) i s a well-posed problem i n the 
sense of the d e f i n i t i o n s given by Kreiss [12]. 
Instead of s o l v i n g (1.1-1) e x a c t l y , we want to approximate t h i s equation by a 
" f i n i t e d i f f e r e n c e scheme". For t h i s purpose we define a g r i d . The g r i d con­
s i s t s of the Cartesian product of a s p a t i a l g r i d that i s composed of a set 
of points with coordinates x=mA, m6Z and a time g r i d T^ that i s composed of a 
set of points with coordinates t=kt, kSZ. 

We suppose that T i s a funct i o n of A such that: 

lira -c(A) - 0, t(0) - 0 (1.1-3) 

for example T=rA were r i s a constant. 

The boundary of x T & i s denoted by r . 
At t h i s point we introduce normed l i n e a r function spaces U^, and with 
norms II . || , || . || and || . || . The elements of the spaces 

A A A U and F are defined on Q, x T, while the elements of <S are defined on T . 
A A A ^A) (A) (A) A A 

These elements are denoted by u , f , and <)> . They w i l l be c a l l e d " g r i d 
functions". 

The equations which approximate (1.1-la) are denoted by: 

L A u ( A ) = f ( A ) ( l . l - 4 a ) 
A 

where L i s c a l l e d a " f i n i t e d i f f e r e n c e operator" with domain U and range 
A A 

V 
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The boundary conditions given by (1.1-lb) are approximated by: 

l A u ( A ) = 0 ( A ) (1.1-4M 

The domain and range of 1 are given by U and $ A r e s p e c t i v e l y . 

In order to obtain a us e f u l approximation of (1.1-1) by (1.1-4) the approxima­
t i o n must be: 
( i ) consistent (of order 1 at l e a s t ) 
( l i ) convergent (of order 1 at l e a s t ) 
( H i ) s t a b l e . 

For the d e f i n i t i o n of these concepts we fol l o w Godunov and Ryabenki [ 4 ] . 

D e f i n i t i o n (1.1-1) (consistency) 

The f i n i t e d i f f e r e n c e scheme given by ( l . l - 4 a ) i s a consistent approximation 
of order n of (1.1-la) i f the fo l l o w i n g r e l a t i o n holds: 

|| L A [ u ] A - { L u } A | | F + | | f ( A ) - { f } A | | F < C 3A n 

A A 

where C3 denotes some constant, 
[.] A i s an operator that r e l a t e s elements of the space U to elements of the 
space U , and { .} i s an operator that r e l a t e s elements of F to elements A A 
of F, . 

A 

D e f i n i t i o n (1.1-2) (convergence) 

The f i n i t e d i f f e r e n c e scheme given by (1.1-4) Is convergent of order n i f the 
fol l o w i n g r e l a t i o n holds: 

|| [ u ] A - u ( A ) || „ < C 4A n 

A 

where denotes some constant not depending on A and [ . ] & i s defined by 
d e f i n i t i o n (1.1-1). 
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D e f i n i t i o n (1.1-3) (G-R s t a b i l i t y ) 

The f i n i t e d i f f e r e n c e scheme given by (1.1-4) i s said to be G-R stable i f the 
f o l l o w i n g r e l a t i o n holds: 

|t« ( A )|| c< K 3||f< A>|| F + K J U ^ H , V A 
UA 3 fA " *A 

where and K4 are numbers not depending on A. 

This d e f i n i t i o n i s equivalent to the assumption that the inverse operator 
r e l a t e d to the f i n i t e d i f f e r e n c e scheme given by (1.1-4) i s uniformly bounded 
as A + 0, c f . Godunov and Ryabenki [4], p. 105. 

I t i s f u r t h e r to be noted that also for the approximation of the boundary 
conditions consistency can be defined according to d e f i n i t i o n (1.1-1), see 
Godunov and Ryabenki [4]. 

The s t a b i l i t y d e f i n i t i o n given by d e f i n i t i o n (1.1-3) i s by no means the only 
possible s t a b i l i t y d e f i n i t i o n . A survey of s t a b i l i t y d e f i n i t i o n s i s given by 
Van der Houwen [8]. For hyperbolic problems, see also the s t a b i l i t y d e f i n i t i o n 
as given by Kreiss et a l . [13]. 

From a p r a c t i c a l point of view, the s o - c a l l e d B-H-K s t a b i l i t y as treated by 
Van der Houwen [8] deals with an important aspect of the behaviour of f i n i t e 
d i f f e r e n c e schemes. To e x p l a i n t h i s type of s t a b i l i t y d e f i n i t i o n and i t s 
d i f f e r e n c e with respect to G-R s t a b i l i t y , we rewrite the f i n i t e d i f f e r e n c e 
scheme given by (1.1-4) as: 

u k + 1 = R A u k + t p k (1.1-5) 

where R̂  i s an operator with i t s domain and range i n . This operator r e l a t e s 
to the values of u ^ ^ at time l e v e l t=kx the values of u ^ ^ at time l e v e l 
t=(k+l)x, c f . Godunov and Ryabenki [4]. The values of p k depend on the bound­
ary conditions and the right-hand side of the f i n i t e d i f f e r e n c e equation. 

Under the conditions that 
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( i ) ||pk||< L l | | f ( A ) | | F + L 2 | | / A ) | | $ 

A A 
and 

( i i ) || u°||< L 3 | | f ( A ) | | F + L 4 | | * ( A ) | | $ 

A A 

s t a b i l i t y i n the sense of d e f i n i t i o n (1.1-3) i s equivalent to the r e l a t i o n : 

|| \ k\\< L Q , k=l T/T, VA 

where L Q , L j L4 are constants not depending on A. 

In other words G-R s t a b i l i t y implies that R ^ ^ Is a uniformly bounded opera­
tor i f A+0 and thereby T+0 with T constant. 

B-H-K s t a b i l i t y as defined by Van der Houwen [8] concerns what happens 
with || R ^ | | i f T •* » while A, and thereby 1, are kept constant. In a somewhat 
s i m p l i f i e d form B-H-K s t a b i l i t y i s defined by: 

D e f i n i t i o n (1.1-4) (B-H-K s t a b i l i t y ) 

The f i n i t e d i f f e r e n c e scheme given by (1.1-5) i s B-H-K stable i f 

Lim||R T / T II < M 
T— 0 

while A and T are kept constant. 
M o denotes a constant not depending on T. 

From a p r a c t i c a l point of view i t i s convenient i f a f i n i t e d i f f e r e n c e scheme 
i s s t a b l e i n the sense of both s t a b i l i t y d e f i n i t i o n s of t h i s s e c t i o n , although 
the l a t t e r s t a b i l i t y d e f i n i t i o n i s i n fact meaningful only i f the r e l a t i o n 
given by (1.1-2) also holds i f T*«. For t i d a l problems, the f i n a l goal of t h i s 
work, t h i s seems to be a reasonable assumption, however. 

F i n a l l y we would l i k e to mention that G-R s t a b i l i t y implies convergence f o r 
consistent f i n i t e d i f f e r e n c e schemes as i s proven by Godunov and Ryabenki [ 4 ] . 
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1.2 Tools f o r the determination of s t a b i l i t y conditions 

To be usefu l i n p r a c t i c e , f i n i t e d i f f e r e n c e schemes need to be co n s i s t e n t , 
s t a b l e , and convergent. 
Consistency i s generally easy to check by means of Taylor s e r i e s expansions. 
S t a b i l i t y , however, and thereby convergence, often implies a complicated 
a n a l y s i s . For a p r a c t i c a l simulation model, such an a n a l y s i s i s a necessity 
because ignorance of the s t a b i l i t y conditions could lead to meaningless r e ­
s u l t s . This s e c t i o n describes a few tools f o r the determination of the s t a b i l ­
i t y c o ndition of a f i n i t e d i f f e r e n c e scheme. 

In general we consider as very important two aspects of a method f or the 
determination of s t a b i l i t y c onditions: 
( i ) The method should be f a i r l y simple to apply. 
( i i ) I t should not grossly overestimate the " t r u e " s t a b i l i t y c o n d i t i o n s . This 

might lead to very small timesteps, which, i n p r a c t i c a l a p p l i c a t i o n s im­
ply c o s t l y and thereby not very competitive computing codes. 

In view of t h i s l a s t remark we generally prefer methods that y i e l d only neces­
sary conditions to methods that produce only s u f f i c i e n t c o n d i t i o n s . Conditions 
that are both necessary and s u f f i c i e n t are of course always preferable but are 
usu a l l y hard to come by. The test problem f o r which the s t a b i l i t y study i s 
c a r r i e d out i s almost always a s i m p l i f i c a t i o n of the problem that i s to be 
solved i n r e a l i t y . Therefore s t a b i l i t y always has to be v e r i f i e d by computer 
c a l c u l a t i o n s with the r e a l model. 

Three methods are often applied for the c a l c u l a t i o n of s t a b i l i t y c onditions: 

( i ) The energy method 
A f t e r the choice of a s u i t a b l e norm the condition given by d e f i n i t i o n 
(1.1-3), or a s i m i l a r d e f i n i t i o n , i s checked by d i r e c t estimation of 
|| u ^ || y . The too l s f o r t h i s method are the t r i a n g l e i n e q u a l i t y , 

A, 
summation by parts e t c . 
In general only s u f f i c i e n t conditions are found by t h i s method. Boundary 
conditions are included, and nonlinear problems can also be studied. For 
nonlinear problems, nonhomogeneous boundary conditions are d i f f i c u l t to 
study. Examples of t h i s method are given by Richtmyer and Morton [21], 
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Cuvelier [1], and Teraam [27]. A simple example of t h i s method i s also 
given i n s e c t i o n 4.1. The disadvantage i s that, while providing only 
s u f f i c i e n t c o n d i t i o n s , t h i s method often causes complicated a n a l y t i c a l 
problems f o r simple f i n i t e d i f f e r e n c e schemes, see a l s o the d i s c u s s i o n 
of Roache [22], p. 48. 

( l i ) Spectral method 
For t h i s method s t a b i l i t y i s considered as the boundedness of the opera-
tor R^ where R̂  i s defined by (1.1-5). 
As already mentioned, s t a b i l i t y i n the sense of d e f i n i t i o n (1.1-3) i s 
equivalent to: 

|| R A
k || < L o , k - l , . . . T M A ) , V A (1-2-1) 

where T i s constant and l i m x(A) • 0, t ( o ) » 0 
A+0 

For PDEs the behaviour of R k i s studied by the d e f i n i t i o n and the 
c a l c u l a t i o n of the spectrum of a family of operators { R

A1> s e e Godunov 
and Ryabenki [4], p. 188. 

( i i i ) H e u r i s t i c s t a b i l i t y theory 
This s t a b i l i t y a n a l y s i s i s treated by H i r t [7] and i n a somewhat modi­
f i e d form by Warming and Hyett [26]. The method i s based upon the f o l ­
lowing idea: 
l e t the f i n i t e d i f f e r e n c e scheme given by (1.2-1) be an n t h order con­
s i s t e n t approximation of the f o l l o w i n g equation. 

Lu - f, (1.2-2a) 

with boundary conditions: 

l u = (1.2-2b) 

and a n+lth order consistent approximation of another equation 

L*u = f , ( 1.2-3a) 
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with boundary cond i t i o n s : 

l'u - . (1.2-3b) 

Then for the s t a b i l i t y of (1.1-5) not only should (1.2-2) represent a w e l l -
posed problem, i . e . I t s s o l u t i o n should f u l f i l the c o n d i t i o n given by (1.1-2), 
but (1.2-3) should also represent a well-posed problem. 
There i s no formal theory f or the j u s t i f i c a t i o n of t h i s method, but the sim­
p l i c i t y of i t s a p p l i c a t i o n , e s p e c i a l l y for semi-discrete problems, makes i t an 
a t t r a c t i v e method. 

In t h i s s e c t i o n we f i r s t treat the c a l c u l a t i o n of s t a b i l i t y conditions f or 
OOEs and then f or PDEs. 

a. Ordinary d i f f e r e n t i a l equations 

For the numerical approximation of l i n e a r d i f f e r e n t i a l equations often l i n e a r 
f i n i t e d i f f e r e n c e equations of order X i n the f o l l o w i n g form are constructed 
( l i n e a r multlstep methods): 

X k+A, X-l k+A-1 o k k , , , ., „ .. y u + Y u +.. ,+Y u = $ , k « k , k Q + l , . . . (1.2-4) 

where Y"', j • 0, 1, A are constants independent of k and 
Y* * 0, Y° * 0. 

As i s w e l l known, see, e.g., Lambert [15], the general s o l u t i o n of (1.2-4) i s 
given by: 

u k = £ P. (k) r k + l k (1.2-5) 
i-1 1 1 

where £ denotes a p a r t i c u l a r s o l u t i o n of (1.2-4) and P^(k) are polynomials i n 
k. The degree of P t(k) i s u ^ , with \i± the m u l t i p l i c i t y of the correspon­
ding r ^ , while r^ are the roots of t 
t i o n " , see e.g. Lambert [15], given by: 
ding r ^ , while r^ are the roots of the corresponding " c h a r a c t e r i s t i c equa-

X X . X-l X-l o ,, . Y r + Y r + ...+ y = 0 (1.2-6) 
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L denotes the number of roots of (1.2-6), from which i t follows that: 

Z u - A 
1=1 1 

(1.2-7) 

The c o e f f i c i e n t s of the polynomials P 1(k) are determined by i n i t i a l or bound­
ary c o n d i t i o n s . 

(1.2-4) can be denoted also as: 

r k+A „k+l,T k-l+A k.T , . k „ n l T lu ,...,u ] = R[u u J + [ij) ,0,...0] (1.2-8) 

where R i s given by: 

R-

A - l , A 
-Y h 

A - 2 , A 
-Y h 

l 

o A 
•y h 

0 

The eigenvalues of R are determined by the c h a r a c t e r i s t i c equation given by 
(1.2-6). 

The general s o l u t i o n of the homogeneous part of (1.2-4) or (1.2-8) can be 
obtained by superposition of terms u , given by 

^ - k* r k 

i 
(1.2-9) 

where k i s a natural number such that 0 < K < u 1 ; these terms are u s u a l l y 
referred to as the "normal modes" of (1.2-3) or (1.2-8). 

The s t a b i l i t y d e f i n i t i o n s as defined i n the theory of approximate s o l u t i o n s of 
ODEs r e l a t e to the eigenvalues of the operator R that i s obtained a f t e r 
a p p l i c a t i o n of the approximation method under consideration to a simple " t e s t 
problem", given by: 
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u t = \ u (1.2-10) 

The general formulation of a l i n e a r multistep method of order A for the ap­
proximation of (1.2-10) i s given by: 

Z a J u k + J = T K Z S j u k + J (1.2-11) 
j=0 j=0 

As for (1.2-4), the general s o l u t i o n of (1.2-11) i s given by: 

u k = t P.(k) r \ (1.2-12) 
t-1 

where r ^ , i = l , . . . , L , L < A, are the roots of the c h a r a c t e r i s t i c equation given 
by: 

n (r,\-u) = p(r) - \-u a(r) = 0, (1.2-13) 

whe re: 

A' 
p( r ) = Z a r j 

j-0 J 

a ( r ) = Z B r J . 
j-0 J 

The polynomials p ( r ) and o(r) are referred to as the f i r s t and second charac­
t e r i s t i c polynomials, see, e.g., Lambert [15]. 

D e f i n i t i o n (1.2-1) ( z e r o - s t a b i l i t y ) 

The l i n e a r multistep method (1.2-11) i s said to be " z e r o - s t a b l e " i f no root of 
the equation p ( r ) = 0 has a modulus greater than 1, and i f every root with 
modulus 1 i s simple. 

Zero s t a b i l i t y i s a necessary c o n d i t i o n f o r G-R s t a b i l i t y because G-R s t a b i l i ­
ty of consistent l i n e a r f i n i t e d i f f e r e n t schemes ensures convergence, see Van 
der Houwen [8] p. 12, while zero s t a b i l i t y of consistent l i n e a r multistep 
methods i s equivalent to convergence, see Lambert [15] p. 33. 
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D e f i n i t i o n (1.2-2) (absolute s t a b i l i t y ) 

The l i n e a r raultistep method (1.2-11) i s said to be "absolutely s t a b l e " for a 
given T\ i f , for that T\, a l l roots r^ of (1.2-13) s a t i s f y : 
l r

t l < 1. i-1 L. 

Absolute s t a b i l i t y i s a s u f f i c i e n t c o n d i t i o n for B-H-K s t a b i l i t y (def. 1.1-4). 
Note that i f the d e f i n i t i o n had required | r j < 1 i t would have been a neces­
sary condition f o r B-H-K s t a b i l i t y . This shows the close r e l a t i o n between 
absolute s t a b i l i t y and B-H-K s t a b i l i t y . 

In general, absolute s t a b i l i t y does not imply zero s t a b i l i t y and vie*! versa; 
therefore they w i l l both have to be checked. For l i n e a r ODEs t h e i r v e r i f i c a ­
t i o n i s comparatively simple. 

The treatment given here of l i n e a r multistep methods has been rather l i m i t e d . 
More d e t a i l e d information on these subjects, i n c l u d i n g Runge Kutta methods, i s 
given by Lambert [15], Gear [3], Lapidus and Sei n f e l d [17], H e n r i c i , [6] and, 
Van der Houwen [9]. 

b. P a r t i a l d i f f e r e n t i a l equations 

So f a r we have studied the s t a b i l i t y of f i n i t e d i f f e rence schemes by estab­
l i s h i n g the eigenvalues of an operator R as defined, for example, by (1.2-8). 
We have only studied a s c a l a r ODE, for systems of ODEs however, the a n a l y s i s 
Is not e s s e n t i a l l y d i f f e r e n t , c f . Lambert [15]. 
The a n a l y s i s of the s t a b i l i t y of f i n i t e d i f f e rence schemes for PDEs, however, 
involves a fundamentally d i f f e r e n t aspect from the s t a b i l i t y a n a l y s i s of 
f i n i t e d i f f e r e n c e schemes for ODEs. 

To show t h i s we consider a simple hyperbolic PDE given by: 

u t + u x - o, x e [0,1], t e [O.T] (1.2-14») 

u (0,t) = 1, u (x,0) = 0, x > 0 (1.2-14b) 
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For the approximation of t h i s equation we define a s p a t i a l g r i d c o n s i s t i n g of 
M+l points x , x = mAx, Ax • 1/M. m m 
For the approximation of the s p a t i a l d e r i v a t i v e s we use f i r s t order "upwind" 
d i f f e r e n c i n g . The approximation of the d e r i v a t i v e s i n time i s postponed. This 
y i e l d s a s o - c a l l e d "semi-discrete" set of ordinary d i f f e r e n t i a l equations 
given by: 

(u ) + (u - u , )/Ax = 0, m = 1 M 
m t m m—1 

u ( t ) = 1, u (0) = 0, m = 1, M o m 

(1.2-15a) 

(1.2-15b) 

This method does not need a s p e c i a l boundary scheme at m = M. 

Equation (1.2-17a) can be rewritten as f o l l o w s : 

u^ = A u ^ , u _ ( 0 ) = i i (1.2-16) 

where 

U = [ U Q , Uj, .... u M] 

o 
+ 1/Ax 

+ 1/Ax -1/Ax 

u° - [1, 0, .... 0 ] T 

The eigenvalues of A are given by 0 and -1/Ax. 

The approximate i n t e g r a t i o n i n time i s accomplished by the e x p l i c i t f i r s t 
order Euler method. For the d e f i n i t i o n of the time g r i d , i n the i n t e r v a l [0,T], 
we choose K+l e q u i d i s t a n t i a l points such that x = T/K, and define the f o l l o w ­
ing f i n i t e d i f f e r e n c e scheme: 



u r a + 1 = C " r (um " «£-!>• k = 0 K - 1, m - 1,. 

1, k = 0 K, u m - 0, m = 1,..., M, 

(1.2-17a) 

(1.2-17b) 

where r = x/Ax 

Looking at the f i r s t c h a r a c t e r i s t i c polynomial of (1.2-17a) we immediately see 
that the method i s u n c o n d i t i o n a l l y zero s t a b l e . 
This process, i n which d i s c r e t i z a t i o n i n space i s followed by numerical i n t e ­
g r a t i o n In time, Is generally referred to as the "method of l i n e s " . 

F i r s t we assume (1.2-17) to be an approximation of (1.2-16) and we study the 
l i m i t i n g case x • 0 while we keep Ax constant. 
Second we assume (1.2-17) to be an approximation of (1.2-14) and we study the 
l i m i t i n g case Ax * 0 while we keep r constant. 

If we construct the operator R i n the sense of (1.2-1) under the f i r s t as-
T 

sumption, then we obtain: 

R = 
T 

0 
r(x) 1 - r(x) 

>(x) 1 - r(x) 
(1.2-18) 

The eigenvalues of t h i s operator are given by 0,1 - r ( x ) . Absolute s t a b i l i t y 
i s ensured i f 0 < r ( x ) < 2 or: 

x/Ax < 2 (1.2-19) 

If we construct the operator R for the second assumption then we obtain: 
Ax 

1-r 

Ax (1.2-20) 
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The eigenvalues are given by 0, 1-r, which means that B-H-K s t a b i l i t y i s en­
sured i f the con d i t i o n given by (1.2-19) i s f u l f i l l e d . For G-R s t a b i l i t y , 
however, the true s t a b i l i t y c o n d i t i o n , see Godunov and Ryabenki [4] p.190, i s 
given by: 

r < 1 (1.2-21) 

This c o n d i t i o n can be found also by the "Von Neumann c o n d i t i o n " , see R i c h t -
myer and Morton [21], p. 152. 
The reason for the di f f e r e n c e s between the conditions given by (1.2-19) and 
(1.2-21) i s that f or ODEs R has a f i x e d s i z e and for B-H-K s t a b i l i t y the s i z e 

T 
of R i s assumed to be fi x e d while f o r G-R s t a b i l i t y the s i z e of R tends to 

x k Ax 
i n f i n i t y , and i f r > 1 some elements of R tend to i n f i n i t y as w e l l . 

Ax 

From t h i s example, taken from Godunov and Ryabenki [ 4 ] , i t follows that the 
"matrix method" as described by M i t c h e l l and G r i f f i t h s [19] and used f o r 
example by Praagman [20] does not always y i e l d s u f f i c i e n t conditions f o r G-R 
s t a b i l i t y . The matrix method does not include the Von Neumann method; i n f a c t , 
by the matrix method B-H-K s t a b i l i t y i s v e r i f i e d . 

Observations of t h i s kind have led Godunov and Ryabenki [4] to introduce the 
concept of a spectrum of a family of operators denoted by { R » X } ' T M s i s the 
aggregate of operators R formed by l e t t i n g Ax assume a l l possible values of 

Ax 
the g r i d s i z e . I t Is assumed that Ax can be a r b i t r a r i l y s m a l l . The spectrum 
of | R, \ i s defined as: 1 Ax' 

D e f i n i t i o n (1.2-4) 

The complex number X denotes a point i n the spectrum of the family of opera­
tors IR. } i f , for any p o s i t i v e c, we may choose Ax (Ax > 0) such that for 

Ax' o o 
any Ax, 0 < Ax < Ax , there e x i s t s a vector u (from the appropriate 

o 

space U^) which s a t i s f i e s the i n e q u a l i t y : 

|| R. u - X u || < E || u || 
The aggregate of a l l such numbers X forms the spectrum of the family of opera­
tors {R, } . 

1 Ax J 
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A f t e r t h i s d e f i n i t i o n Godunov and Ryabenki [4] prove a very important asser­
t i o n : 

Let one point \ i n the spectrum of the family of operators {R^} l i e outside 
the u nit disk i n the complex plane ( | X | > 1). It i s then impossible to 

o 
choose a constant C such that f or a l l Ax the i n e q u a l i t y 

K J I <C 

i s s a t i s f i e d , where k assumes a l l integer values from 0 to k Q(Ax) • I t i s 
assumed that k (Ax) + » I f 4x • 0. o 

I t i s also shown by Godunov and Ryabenki [4] that t h i s spectrum i s not equiva­
lent to the aggregate of eigenvalues of each operator R^x by means of an 
example s i m i l a r to the one already given i n t h i s s e c t i o n . 

We w i l l now demonstrate the c a l c u l a t i o n of the spectrum of ( R
A x ) a s given by 

(1.2-20). 
The numerical b o u n d a r y - i n i t i a l - v a l u e problem i s s p l i t into a number of sub-
problems. 
The f i r s t one, the s o - c a l l e d Cauchy problem, see Krelss [10], assumes the 
s p a t i a l domain to be i n f i n i t e , i . e . -» < x < », or: 

u k + 1 - u k - r ( u k - u k . ) , m - 0, + 1, + 2, ... (l.2-22a) m m v m m-1 ' — — 

This problem i s usua l l y referred to as a half plane problem and i s a purely 
i n i t i a l value problem. 
The other two problems are quarter space problems given by: 

, m - 1, 2 (1.2-22b) 
( i . e . 0 < x < -) 

r ( u k - u k , ) , m = .... -1, 0, 1, .... M (1.2-22c) v m m-1 
( i . e . — < x < 1) 

k+1 r (u„ m-1' 

k 
u 0 = 0, 

and: 
k+1 

a 
m 
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The spectrum of (R \ for t h i s problem consis t s of the union of the spectra of Ax 
each of the f a m i l i e s of operators that belongs to each subproblem given by 
(1.2-22 a,b,c). The proof of t h i s i s given by Godunov and Ryabenki [ 4 ] . 

To c a l c u l a t e the eigenvalues of each of the three subproblems we assume a 
s o l u t i o n of (1.2-22) to be of the f o l l o w i n g form. 

u k = \ k u (1.2-23) 
m m 

The Godunov-Ryabenki co n d i t i o n i s said to be s a t i s f i e d i f none of the three 
subproblems has n o n t r i v i a l s o l u t i o n s i n the form (1.2-23) f o r which I \ I > 1, 
see Kreiss et a l [13]. 
This i s a necessary condition f o r G-R s t a b i l i t y . 

To v e r i f y t h i s condition (1.2-23) i s su b s t i t u t e d i n t o (1.2-22). 
This y i e l d s the s o - c a l l e d "resolvent equation" given by: 

\ u = u - r ( u - u ,) (1.2-24) m m m m— 1 

This resolvent equation i s also a f i n i t e d i f f e r e n c e equation f o r which the 
general s o l u t i o n i s given by: 

u = a z m (1.2-25) 
m 

where a i s a constant depending on boundary conditions and z i s the root of 
the c h a r a c t e r i s t i c equation of (1.2-24) given by: 

\z = z - r ( s - l ) (1.2-26) 

By s u b s t i t u t i o n of (1.2-25) i n t o (1.2-23) we obtain: 

u k = a X k z m (1.2-27) m 

Solutions i n t h i s form are c a l l e d the "normal modes" of (1.2-22). 
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Because the possible s o l u t i o n s of each of the three subproblems of (1.2-22) 
are bounded at t - 0 i t follows that f o r the v e r i f i c a t i o n of the G-R condition 
the f o l l o w i n g r e s t r i c t i o n s f o r z are to be taken i n t o account: 

For (1.2-22.): |s | - 1, i . e . z = e1"', 0 < a < 2* (1.2-28») 

For (1.2-22b): |z | < 1 (1.2-28b) 

For (1.2-22c): |z | > 1 (1.2-28c) 

I f these r e s t r i c t i o n of |z| are taken i n t o account, the v e r i f i c a t i o n of the G-
R c o n d i t i o n y i e l d s (1.2-21) as a necessary c o n d i t i o n f o r s t a b i l i t y (by s t a b i l ­
i t y we mean G-R s t a b i l i t y unless another kind of s t a b i l i t y i s s p e c i f i e d ) . 

In Kreiss [10], K r e i s s [11] and K r e i s s , Gustafsson, and Sundstrom [13] a s i m i ­
l a r s t a b i l i t y a n a l y s i s i s presented for hyperbolic problems i n general with 
v a r i a b l e c o e f f i c i e n t s . In these a r t i c l e s not only are necessary conditions 
derived but also s u f f i c i e n t c o n d i t i o n s . Strikwerda [24] gives a s i m i l a r analy­
s i s f o r the method of l i n e s . 

In f a c t , t h i s type of s t a b i l i t y a n a l y s i s i s always concerned with how to 
reduce the s t a b i l i t y problem to a problem that i s simple to deal with. It Is 
done by the construction of the "resolvent equation", which i s obtained by 
s u b s t i t u t i o n of a normal mode in t o the f i n i t e d i f f e r e n c e equation. The o r i g i ­
nal problem i s s p l i t into several quarter space problems and one purely I n i ­
t i a l - v a l u e problem; the s o - c a l l e d Cauchy problem, which can be treated with 
Von Neumann a n a l y s i s . Even though they are meant to be simple, the quarter 
space problems are often very d i f f i c u l t to deal with. They have various ana­
l y t i c a l problems with high order, complex polynomials. For simple problems the 
i n s i g h t i n t o the possible behaviour of a numerical s o l u t i o n can be gr e a t l y 
enlarged by posing a purely i n i t i a l - v a l u e problem and several boundary value 
problems. We w i l l i l l u s t r a t e t h i s l a t e r on by an example. 

The treatment given i n t h i s s e c t i o n on the s t a b i l i t y of approximate s o l u t i o n s 
of i n i t i a l boundary value problems has been very b r i e f and incomplete. 
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Because our main purpose i s the construction of a stable method for the 
approximation of the shallow water equations by which p r a c t i c a l problems can 
be solved, a thorough treatment i s w e l l beyond the scope of t h i s work. The 
i n t e r e s t e d reader should read the a r t i c l e s by Godunov and Ryabenki and K r e i s s 
mentioned i n the references. 

1.3 D i s s i p a t i o n and d i s p e r s i o n properties of f i n i t e d i f f e r e n c e schemes for 
i n i t i a l - v a l u e problems 

Up to t h i s point we have dealt only with s t a b i l i t y problems. S t a b i l i t y , how­
ever, i s only one of the properties that a good f i n i t e d i f f e r e n c e scheme 
should have. To make a f i n a l choice for a numerical method for the approxi­
mation of a d i f f e r e n t i a l equation, i t i s necessary to study other p r o p e r t i e s . 
One of the important aspects of a f i n i t e d i f f e r e n c e scheme i s accuracy, which 
concerns the amount of computational labour that i s needed to obtain a numeri­
c a l s o l u t i o n w i t h i n prescribed error bounds; or, e q u i v a l e n t l y , i t concerns the 
s i z e of the error that can be expected at a prescribed amount of computational 
labour. 
Q u a l i t a t i v e expressions for the accuracy of a numerical method are the order 
of consistency or the order of convergence, more q u a n t i t a t i v e expressions 
however describe the global error of a numerical method i n terms of phase and 
amplitude e r r o r s . For the numerical s o l u t i o n of hyperbolic PDEs t h i s i s a 
general approach, c f . Roberts and Weiss [23], Kreiss and O l i g e r [14] or Roache 
[22]. Also i n the case of numerical methods for ODEs t h i s approach i s some­
times adopted, c f . Lambert [16]. 
In t h i s s e c t i o n we study the phase and amplitude errors for numerical approxi­
mation methods that are constructed by d i s c r e t i z i n g a PDE separately i n space 
and time. For t h i s type of method, the phase and amplitude errors of the 
s p a t i a l and time d i s c r e t i z a t i o n can be studied separately; i n t h i s s e c t i o n 
phase and amplitude errors of numerical i n t e g r a t i o n methods i n time are stud­
ied f i r s t and then these errors are studied for s p a t i a l d i s c r e t i z a t i o n s . The 
study w i l l be based upon the same normal mode an a l y s i s that has been applied 
to study s t a b i l i t y . Other properties that are important f o r the f i n a l r e s u l t 
of a numerical method such as spurious modes, r e l a t i v e s t a b i l i t y , and s t i f f 
s t a b i l i t y w i l l be described b r i e f l y . 
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a. Ordinary D i f f e r e n t i a l Equations 

The phase and amplitude errors of a numerical method are defined by a p p l i c a ­
t i o n of t h i s method to a simple test problem. The one we use for the ODEs i s 
given by: 

u - \ u (1.3-la) t 

with i n i t i a l c o n d i t i o n given by: 

u(0) = u (1.3-lb) o 

The s o l u t i o n of (1.3) i s : 

u(t) - u Q e X t d-3-2) 

I f we assume that (1.3) i s approximated by a l i n e a r one-step method then we 
obtain a numerical s o l u t i o n given by: 

(1.3-3) 

Instead of r e s t r i c t i n g the continuous s o l u t i o n to a d i s c r e t e function space, 
as f o r the d e f i n i t i o n s of consistency and convergence, we extend the d i s c r e t e 
s o l u t i o n to a continuous function space such that we obtain a function 

X' t 
u'(t) - U q e , f o r which the f o l l o w i n g r e l a t i o n holds: 

• it * k X'x k (1.3-4) u' (kx) • u Qe = u 

Obviously X'x i s given by: 

X'x - In t j C 1- 3" 5) 

At t h i s point we define the s o - c a l l e d propagation f a c t o r , c f . Leendertse [18], 
by: 

P (X.t) = e (*•*-*. )t (1.3-6) 
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The amplitude of t h i s f a c t o r i s c a l l e d the amplitude f a c t o r and the phase i s 
c a l l e d the phase e r r o r . I f , for Im X > 0, Im (X'-X) < 0, one speaks of a l a g ­
ging phase e r r o r ; Im (X'-X) > 0 implies a leading phase e r r o r . 
For l a t e r reference the fi g u r e s (1-1), (1-2) and (1-3) show contour p l o t s of 
amplitude f a c t o r s and phase er r o r s per timestep, p l o t t e d w i t h i n t h e i r regions 
of s t a b i l i t y i n the xX plane of the fo l l o w i n g methods: 

Figure (1-1) Euler e x p l i c i t : r = 1 + xX 
Figure (1-2) Trapezoidal r u l e : r = (1 + xX/2)/(l-xX/2) 

1 2 Figure (1-3) P r e d i c t o r - C o r r e c t o r : = 1 + xX + i (xX) 

These methods are often used for the approximation of the time d e r i v a t i v e of 
p a r t i a l d i f f e r e n t i a l equations. From f i g u r e (1-2) i t follows that the trape­
z o i d a l r u l e has no amplitude errors at the imaginary a x i s , and the phase 
errors are lagging. For wave problems the eigenvalues are quite often near the 
imaginary a x i s . 
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Figure (1-1) Phase errors and amplitude factors of Eulers e x p l i c i t method 



Figure (1-2) Phase errors and amplitude factors of the trapezoidal r u l e 
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Im 
r3 

Im 

Figure (1-3) Phase errors and amplitude factors of the second order predictor 
corrector method 
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So f a r we have only treated one-step methods. For l i n e a r multistep methods of 
order greater than 1 the q u a n t i t a t i v e behaviour becomes a l i t t l e b i t more 
d i f f i c u l t to describe because the number of normal modes of the numerical 
method exceeds the number of normal modes that b u i l d up the exact s o l u t i o n . 
Therefore we should mention an important notion from the theory of approximate 
solutions of ODEs: If we consider the polynomial equation given by ( 1 . 2 - 1 3 ) : 

p (r) - Xxa(r) - 0 ( 1 . 3 - 7 ) 

which i s the c h a r a c t e r i s t i c equation that belongs to a l i n e a r multistep method 
of order A, as given by (1.2-11); then for exactly one root, r j , the followine 
r e l a t i o n holds: 

l i m r (XT) - 1 (1.3-8) 
XT+0 

This r e l a t i o n must hold because of consistency, c f . Lambert [15]. The root r^ 
i s referred to as the " p r i n c i p a l root". The other roots of (1.3-7) are " s p u r i ­
ous roots". 
For t h i s p r i n c i p a l root the phase and amplitude error can be defined according 
to (1.3-5 & 6). In t h i s case the t o t a l e rror i s not determined completely by 
the propagation f a c t o r , the spurious roots also contribute to the error of the 
numerical s o l u t i o n . 

Consider, for example, a l i n e a r two step method. I t s general s o l u t i o n Is given 
by: 

K K lC - _ — -
u - c^ r j + c 2 r 2 (1.3-9) 

where Cj and C2 are constants determined by the i n i t i a l c o ndition and a 
" s t a r t i n g value", c f . Lambert [15]. 
I f c 1 = u Q and | c j | \r ̂ \ » J c 2 1 | r 2 | , then the propagation f a c t o r i s s t i l l 
the most important f a c t o r for the g l o b a l e r r o r . 

Another important concept i n the theory of the approximate solutions of ODEs 
i s referred to as " r e l a t i v e s t a b i l i t y " . This means that for a l i n e a r multistep 
method with stepslze A f o r a l l spurious roots, ,..., r ^ , L < A, the f o l l o w ­
ing r e l a t i o n holds: 
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l * J < I t J . 1- 2 L d.3-10) 

In p r a c t i c a l a p p l i c a t i o n one u s u a l l y deals with approximate s o l u t i o n s that are 
b u i l t up by superposition of a large number of normal modes, e s p e c i a l l y i f one 
integrates as large a system of ODEs as can be obtained by the Method of 
Lines, for example. For the exact s o l u t i o n , normal modes, characterized by 
f a i r l y large negative exponentials, disappear a f t e r a short period of time. In 
case of a s u f f i c i e n t l y smooth s o l u t i o n , modes characterized by a large imagi­
nary part of the exponential have a small amplitude. Numerically these modes 
are represented poorly, as follows from the figures (1-1 - 1-3) for large 
values of Xx. Therefore It i s sometimes advantageous i f these modes disappear 
from the numerical s o l u t i o n . I f a numerical method has t h i s c h a r a c t e r i s t i c , 
together with a s t a b i l i t y region that contains the complete l e f t h a l f plane of 
the xX plane, we c a l l such a method " s t i f f l y s t a b l e " . Note that t h i s d e f i n i ­
t i o n of s t i f f s t a b i l i t y i s somewhat d i f f e r e n t from the d e f i n i t i o n given by 
Lambert [15]. 

A l i n e a r Jt-step method i s " s t i f f l y s t a b l e " i n our sense i f the f o l l o w i n g 
r e l a t i o n s apply: 

I r (xX) | < 1, Re xX < 0 ( 1 . 3 - l l a ) 

I t j (xX) | < 1, 1 - 2 L, Re xX < 0 ( 1 . 3 - l l b ) 

l i m t . (xX) = 0, 1 - I , . . . , L, Re xX < 0 ( 1 . 3 - l l c ) 
|xX | • « 

where L denotes the number of roots of the resolvent equation. 
As an i l l u s t r a t i o n f i g u r e (1-4) gives contour maps of a l i n e a r two step method 
( i . e . the C u r t i s s H i r s c h f e l d e r method, see e.g. Van der Houwen [9]) for which 
the c h a r a c t e r i s t i c equation i s given by: 

2 4 1 2 2 it ( r , Xx) = r - ^ r + j - x J i j t 

Depending on the a p p l i c a t i o n amplitude errors are sometimes minimized or phase 
err o r s are forced to be as small as possible by s p e c i a l "exponential f i t t i n g " 
or "frequency f i t t i n g " methods, see, e.g., Lambert [15], [16]. 
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Figure (1-4) Phase errors and amplitude factors of the C u r t i s s - H l r s c h f e l d e r 
method 
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b. P a r t i a l D i f f e r e n t i a l Equations. 

This subsection treats the propagation properties of approximate s o l u t i o n s of 
PDEs. As i n the case of ODEs we study t h i s behaviour by means of a simple test 
problem, which i s a hyperbolic i n i t i a l - v a l u e problem given by: 

, + s n (1.3-12a) u + u - 0 , - «• < x < t > 0 

t x 

with i n i t i a l c o n d i t i o n : 
, n s iax (1.3-12b) u(x,0) - e 

The exact s o l u t i o n of t h i s equation i s given by: 

i a ( x - t ) (1.3-13) 
u(x,t) = e 

For the approximation of (1.3-12) we use a semi-discrete system of ODEs given 
by: 

(u ) + Du - 0, m - 0, + 1, + 2, .... (1.3-14.) rat m 

, , iamAx (1.3-14b) u m(0) = e 

where D denotes some s p a t i a l d i f f erence operator, and Ax i s the constant g r i d 
s i z e . 

On s u b s t i t u t i n g : 

~ , iamAx (1.3-15) u ( t ) - u( t ) e in 

the system of ODEs i s reduced to a sca l a r ODE given by: 

u t + T i u - 0 , u(0) - 1 ( K 3 - 1 6 ) 

where D denotes the Fourier transform of D. 
The s o l u t i o n of (1.3-16) i s given by: 
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u(t) = e " D t (1.3-17) 

Like Roberts and Weiss [23] we define the " r e l a t i v e wave speed" a by: 

a = Ira D/a (1.3-18) 

We can define a " propagation f a c t o r " as w e l l by: 

P ( 0 > t ) = e
( J B + i a ) 1 (1.3-19) 

The phase and amplitude error are determined by t h i s f a c t o r . 

Figure (1-5) shows the amplitude f a c t o r f o r one wave period, i . e . to • 2it, and 
r e l a t i v e wave speeds as function of the number of points per wavelength f o r 
various s p a t i a l d i s c r e t i z a t i o n s . 
The number of points per wave length M_ i s defined by: 

M - 2n/aAx (1.3-20) 
P 

The f o l l o w i n g s p a t i a l d i s c r e t i z a t i o n s are used for fig u r e (1-5): 

I : ( u
m ) t + ( u

m
_ u

m - l ) / A x " 0, l ' order upwind d i f f e r e n c i n g 

I I : (u )„ + (u.,-11 ,)/2Ax = 0, 2 n d order c e n t r a l d i f f e r e n c i n g 

i l l : i (u .,+ u )„ + (u - u )/Ax = 0, 2 n order box scheme m+l m t m+1 m 

i v : (u ) + (3u - 4 u . + u n)/2Ax = 0, 2 n d order upwind d i f f e r e n c i n g 
m t m in— l m-1 

• j 
v : (u )„ + (u ._+ 4 u ..+ 18 u - 28 u .+ 5u ,)/24Ax = 0, 3 order upwind 

m t m+2 m+l m m—1 m-2 ' 
d i f f e r e n c i n g 

Figure (1-5) shows that the methods 1, 2 and 5 have lagging phase e r r o r s . 
Method 4 has a phase error that i s p a r t l y lagging and p a r t l y leading. Method 3 
has a leading phase error because of the "mass matrix", i . e . the averaging 
operator f or the time d e r i v a t i v e s . By means of such a matrix one can construct 
rather compact yet accurate methods, see, e.g., Stone and Brian [25]. 
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1 .25] 

p o i n t s p e r wavelength LOG10 

r e l a t i v e wave speed 

p o i n t s per wavelength LOG10 

(1-5) R e l a t i v e amplitude and wave speed of f i v e s p a t i a l 
d i s c r e t i z a t i o n s 
A- f i r s t order upwind V: second order c e n t r a l 
+ ': second order box x: second order upwind 
O: t h i r d order upwind 
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The methods given here are by no means the only possible s p a t i a l d i s c r e t i z a ­
t ions for the advection equation, see, e.g., Kr e i s s and Oliger [14] or Gary 
[2 ] . 

A f t e r d i s c r e t i z a t i o n i n space the numerical scheme has to be d i s c r e t i z e d i n 
time as w e l l . Instead of applying the d i s c r e t i z a t i o n i n time to (1.3-14) we 
can a l s o apply i t to (1.3-16). The l a t t e r equation i s an ODE because the 
d i s c r e t i z a t i o n s i n time that we consider and the transformation given by (1.3-
15) are commuting operations. To study the propagation properties of the 
Integration methods we can apply the propagation f a c t o r as defined by (1.3-6). 

On using a one-step method we obtain a numerical s o l u t i o n given by: 

u m = [ r X ( - T D ) ] k e l a m A X (1.3-21) 

From (1.3-6) i t follows that the propagation f a c t o r of the Inte g r a t i o n method 
i s given by: 

P(D, t ) - e ^ " 6 ' + B ) C (1.3-22) 

where x D' = - In [ r , ( - i D)] 

The propagation f a c t o r given by (1.3-22) describes the er r o r of numerical 
i n t e g r a t i o n In time compared to the "exact s o l u t i o n " of the semi-discrete 
equation given by (1.3-16). The phase and amplitude errors of the observed 
numerical method with respect to (1.3-12) are our f i n a l goal. For t h i s reason 
we define a propagation f a c t o r given by: 

P (o,t) - .<•*' + i a ) £ (1.3-23) 

This f a c t o r defines the t o t a l amplitude f a c t o r and the t o t a l phase e r r o r of 
the numerical method. I f we rewrite t h i s f a c t o r as: 

P (a,t) = e^' + T5 " Ti + i c ) t ( K 3 _ 2 4 ) 

i t f ollows that: 



- 33 -

Total phase error • phase error of s p a t i a l d i s c r e t i z a t i o n + phase error of the 
numerical i n t e g r a t i o n i n time 

or: 

Total r e l a t i v e wave speed= r e l a t i v e wave speed of s p a t i a l d i s c r e t i z a t i o n X 
r e l a t i v e wave speed of numerical i n t e g r a t i o n i n 
time 

and: 

Total amplitude factor= amplitude f a c t o r of s p a t i a l d i s c r e t i z a t i o n X ampli­
tude f a c t o r of numerical i n t e g r a t i o n i n time. 

As examples we give r e l a t i v e phase speeds and amplitude factors per wave 
period i n the figures (1-6 & 7) of Euler's e x p l i c i t method with f i r s t order 
d i f f e r e n c i n g and of the tr a p e z o i d a l r u l e combined with the s p a t i a l d i s c r e t i z a ­
tions ( i - v ) as described i n t h i s s e c t i o n . 
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r e l a t i v e a mplitude 
1 .50. 

I .25. 

p o i n t s per wavelength LOG10 
r e l a t i v e wave speed 

p o i n t s per wavelength LOG10 

Figure (1-6) Relative wave speed and amplitude factor of several 
i n t e g r a t i o n schemes, Cf = 0.5 

A: f i r s t order upwind + +: second order box + trapezoidal 
f i r s t order Euler x : second order upwind + trapezoidal 

V: second order c e n t r a l + 0 ; t h i r d order upwind + trapezoidal 
trapezoidal 
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r e l a t i v e a m p l i t u d e 
1 .50. 

1 .25. 

p o i n t s per wavelength LOG10 
r e l a t i v e wave speed 
1 .50. 

1 .25. 

p o i n t s per wavelength LOG10 

Figure (1-7) Rel a t i v e wave speed and amplitude factor of several 
i n t e g r a t i o n schemes, Cf = 1.0. 

A: f i r s t order upwind + +•• second order box + trapezoidal 
f i r s t order Euler x: second order upwind + trapezoidal 

V: second order c e n t r a l + t h i r d order upwind + trapezoidal 
t r a p e z o i d a l 
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The figures (1-6 & 7) represent the accuracy as function of the number of 
points per wavelength, Mp, and the "Courant number" Cf. The Courant number i s 
defined by: 

Cf - T/AX (1.3-25) 

As i s shown by f i g u r e (1-7) Euler's e x p l i c i t method combined with f i r s t order 
d i f f e r e n c i n g and the t r a p e z o i d a l r u l e combined with the c e n t r a l box s p a t i a l 
d i s c r e t i z a t i o n have amplitude factors and r e l a t i v e wave speeds equal to one i f 
Cf - 1. For t h i s case these methods integrate exactly along the c h a r a c t e r i s t i c 
thereby approximating our simple test problem without e r r o r s . 
This property i s known as "point to point t r a n s f e r " c f . Roache [22]. One could 
say that the phase and amplitude errors of the s p a t i a l d i s c r e t i z a t i o n and the 
i n t e g r a t i o n i n time cancel each other. 
The combination of c e n t r a l differences with the trapezoidal rule has lagging 
phase errors for each choice of the Courant number because both the trape­
z o i d a l rule and c e n t r a l differences are characterized by lagging phase errors 
as follows from the figures (1-2) and (1-5). 

I f f o r the i n t e g r a t i o n i n time a l i n e a r - m u l t i s t e p method i s applied with a 
stepsize greater than one then the spurious roots influence the numerical 
s o l u t i o n as we have described for the simple test problem for ODEs. 

1.4 The Influence of numerical boundary condition procedures 

When dealing with f i n i t e d i f f e rence approximations to mixed i n i t i a l boundary 
value problems, i t i s often troublesome to construct difference operators near 
the boundary i f the difference operators defined at the inner points of the 
g r i d require function values at points outside the g r i d . Often t h i s leads to 
the construction of s p e c i a l difference operators near the boundary having 
l e s s e r orders of consistency than the operators at the inner points. Because 
of t h i s the numerical error i s influenced not only by the propagation f a c t o r 
or spurious roots of the time d i s c r e t i z a t i o n but also by numerical r e f l e c ­
t i o n s , which are due to spurious roots of the s p a t i a l d i s c r e t i z a t i o n s at the 
inner points combined with a d i f f e r e n t s p a t i a l d i s c r e t i z a t i o n near the bound­
ary. 
An important a r t i c l e on the subject of numerical boundary condition procedures 
i s by Gustafsson [5]. 
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For purposes of i l l u s t r a t i o n , we w i l l consider an i n i t i a l boundary value 
problem given by: 

u + u =0, 0 < x < 1, t > 0 (1.4-la) t x 

u (0,t) = e 1**, u (x,0) - e" l u ) X, 0 < x < 1 (1.4-lb) 

The s o l u t i o n of t h i s equation i s given by: 

u (x , t ) - ,*•<*-*> (1.4-2) 

This s o l u t i o n can be considered as a wave running i n the increasing x d i r e c ­
t i o n . 
An approximate s o l u t i o n f o r t h i s problem can be obtained by s e m i - d i s c r e t i z a ­
t i o n based upon c e n t r a l d i f f e r e n c e s and a g r i d with a uniform g r i d s i z e , 
Ax - 1/M. This y i e l d s : 

(u ) + (u , - u ,)/2Ax - 0, m - 1, 2 M (1.4-3a) 

u Q ( t ) - e 1"', u m(0) - e " W x , . - 1, 2 M (1.4-3b) 

The value of U j ^ ^ t ) i s obtained by second order e x t r a p o l a t i o n : 

- 2 ttM(t> " V l ( t ) ( 1- A _ 3 C ) 

S u b s t i t u t i o n of (1.4-3c) i n t o (1.4-3a) y i e l d s : 

(Vt + ( UM " V l ) / A X " ° ( K 4 _ 4 ) 

This equation i s a f i r s t order consistent approximation of ( 1 . 4 - l a ) . 
According to Gustafsson [ 5 ] , f o r f i n i t e d i f f e r e n c e schemes with s u f f i c i e n t l y 
smooth s o l u t i o n s , the order of convergence i s at lea s t of order m i f the ap­
proximations at the inner points are at lea s t of order m while the approxima­
tions near the boundary are at lea s t of order ra-1. We w i l l i l l u s t r a t e t h i s 
important observation and the existence of numerical r e f l e c t i o n by comparison 
of (1.4-2) with the "exact s o l u t i o n " of (1.4-3). 
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For the construction of the s o l u t i o n of (1.4-3) we rewrite t h i s equation as: 

u = A u + B (1.4-5a) 

with i n i t i a l conditions 

u(0) = u (1.4-5b) 

where: 

B - [e l t 0 t/2Ax, 0, .... 0 ] T , 

u ( t ) = [u ( t ) " M ( t ) ] . 
— 1 M 
o -iuAx u = [e , -iumAx -iuMAx T ,, e J . 

The s o l u t i o n of (1.4-5) can be considered as composed of two parts, denoted 
as: 

u ( t ) = u P ( t ) + u H ( t ) , (1.4-6) 

p P P P T where u ( t ) = [u^ ( t ) , ( t ) u^ ( t ) ] 

H H H H and u ( t ) = [ u L ( t ) , u m ( t ) u M ( t ) ^ T ^ 

P H 
û  ( t ) denotes a p a r t i c u l a r s o l u t i o n of (1.4-5) and ii ( t ) denotes the homogene­
ous s o l u t i o n of (1.4-5). 

For the construction of u P ( t ) we s u b s t i t u t e a normal mode given by: 
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u P ( t ) - e S t r m 

• 

According to Strikwerda [24] t h i s y i e l d s the fol l o w i n g c h a r a c t e r i s t i c equa­
t i o n : 

2 S r + r 2 - l - 0 »•*-«> 

where S - sAx 

To f u l f i l the boundary conditions we pose: 

s - Ut ( I - * - 9 ) 

This y i e l d s : 

r 1 > 2 - -iaiAx + [-(OJAX) 2 + l ] 1 (1.4-10) 

p The p a r t i c u l a r s o l u t i o n u ( t ) i s given by: m 

u m
P ( t ) - a £*t£ • b e l u t r 2

m - i**<«J * *̂ >. 

where u 1 ' 2 = [ u ^ 2 J / 2 U^'V 

The constants a and b are given by the boundary conditions: 

a • b - 1 ( 1 - 4 " 1 2 a ) 

(1.4-12b) a r j M ( r j - 2 + 1/rj) + b r 2
M ( r 2 ~ 2 + l / r 2 ) = 0 

The homogeneous s o l u t i o n u H ( t ) i s given by: 

u"(t) = [u° - u P ( 0 ) ] e A t = u 3 e " (1.4-13) 

where u
3 - [ u 3 u 3 ] T or u 3 = u° - u P(0) 
— 1 1' ' M m m m 

For the eigenvalues \. of A the fo l l o w i n g r e l a t i o n holds: 
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R \. < 0, V \. e A A (1.4-14) 

Proof: define A* by A* = G ÂG where G denotes a s i m i l a r i t y transformation 
given by: 

1 

/2 

For A* the f o l l o w i n g r e l a t i o n holds: R (A*u,u) = - u„ 2/Ax < 0 
T 6 

V u denoted as [ U j u^] * Rg X + < 0 ->• R g \ A < 0 V \ A 

(end of proof) ^ 

From (1.4-14) i t follows that the s o l u t i o n u(t) remains bounded i f t + »• 

If | toAx | < 1 then r 1 ( 2 c a n b e denoted as 

-IAO'AX ioj'Ax (1.4-15) 

where u'Ax • arcsinuAx . 

At t h i s point we define a s p a t i a l propagation f a c t o r given by: 

„ / \ -i(u'-a))x P (oj.x) = e 

From t h i s , i t follows that: 

1 . . , -iumAx 
um = P' u* m A x ' e 

2 ito'mAx 
m 

u^ - [1 - Pdo.mAx)] e l w m A x + 2 b cos u'mAx 

a = 1/1+a 

b = a/l+a 

(1.4-16a) 

(1.4-16b) 

(1.4-16c) 

(1.4-16d) 

(1.4-16e) 
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where u ,u ,tt , a and b have been defined i n (1.4-11), (1.4-12) and (1.4-13) 
and 

a = (-1) M
 e- 2 1 M">'Ax ( c o s a ) . A x _ i ) / ( C 0 S U'AX+1). 

Since i t i s easy to v e r i f y that ( I ) a u 1 = [1 + 0 ( A x 2 ) ] e " l u m A x 

m 
1 iiot 2 7 7 3 2 °r u m e = (1 + 0 (Ax )) u(raAx.t) , ( i i ) bu m = 0 (Ax z) and ( i l l ) u ^ = 0 (Ax ) 

I t follows from the comparison of the numerical s o l u t i o n given by (1.4-6) with 
2 

the exact s o l u t i o n (1.4-2) of (1.4-1) that the convergence i s of order Ax . 

1 2 
Because vi and IJ can be considered as waves propagating i n opposite d i r e c ­
tions and the l a t t e r i s a spurious numerical wave, i t follows that a can be 
considered as a "numerical r e f l e c t i o n c o e f f i c i e n t " . 
Note that f o r | coAx | > 1 the numerical s o l u t i o n becomes t o t a l l y erroneous 
while the modulus of the s p a t i a l propagation factor i s no longer equal to one. 
A possible f i r s t order e x t r a p o l a t i o n formula at the outflow boundary i s given 
by: 

u = u (1.4-17) M+l M 

S u b s t i t u t i o n i n t o (1.4-3a) y i e l d s : 

( V t + ( UM - V i ) / 2 A X " 0 ( K 4" 1 8 ) 

This approximation i s not consistent with ( 1 . 4 - l a ) . 
According to Gustafsson [5], however, t h i s boundary procedure does not destroy 
convergence as can be checked e a s i l y i n the case of our example. The order of 
convergence i s reduced to f i r s t order, because the numerical r e f l e c t i o n f a c ­
t o r a i s f o r that case of order Ax and i s given by: 

a = ( _ i ) M e " 2 1 ^ ' à X (cos 2 u ' A x - l - i s i n 2u'Ax)/(l+cosu'Ax) (1.4-19) 
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The propagation f a c t o r i s unaltered. The matrix A i s changed but the eigen­
values s t i l l do not have a p o s i t i v e r e a l part. 
The r e s u l t s of Gustafsson [5] allow several possible boundary procedures such 
that convergence i s not destroyed. Even Inconsistent, or zero order c o n s i s ­
tent, procedures are p o s s i b l e , as t h i s example i l l u s t r a t e s . 

Yet there are l i m i t a t i o n s . Zero order e x t r a p o l a t i o n or o v e r s p e c i f i c a t i o n of 
boundary conditions can destroy convergence and cause unbounded numerical 
so l u t i o n s i f t •* <=. 

To i l l u s t r a t e t h i s we consider an i n i t i a l boundary value problem given by: 

u + u x = 0, 0 < x < 1, t > 0 (1.4-20a) 

u (0,t) = 1, u (x,0) - 1-x, 0 < x < 1 (1.4-20b) 

The s o l u t i o n of t h i s equation i s given by: 

u ( x , t ) - 1 + t - x , t - x < 0 
(1.4-21) 

u (x , t ) = 1, t - x > 0 

A semi-discrete numerical approximation based upon 2 n° order c e n t r a l d i f f e r ­
ences i s given by: 

< u >. + ( u~i.i - u ,> / 2A x " 0 (1.4-22a) m t m+1 m-1 

u ( t ) = 1, u (0) = 1 - mAx, m = 1, 2, M (1.4-22b) o m 

Again t h i s equation i s not complete, and we impose an extra boundary c o n d i t i o n 
given by: 

^ ( t ) = 0 (1.4-22c) 

S u b s t i t u t i o n of t h i s "zero order" e x t r a p o l a t i o n formula i n t o (1.4-22a) shows 
inconsistency. 
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For the construction of the s o l u t i o n of (1.4-22) we rewrite t h i s equation as: 

u = A ii + B, u(0) = u (1.4-23) 

where: 

A -

B - [l/2Ax, 0 0 ] 1 , 

u(t) = [ U l ( t ) " M ( t ) ] and 

o T u. = [1 - Ax 1-mAx, 0] . 

I f we write u(t) as: 

u(t) = u P ( t ) + u H ( t ) (1.4-24) 

t h e n u p ( t ) , the p a r t i c u l a r s o l u t i o n , and u"(t) , the homogeneous s o l u t i o n are 
given by: 

u^(t) - 6(M) 6(m) + 6(M+l)[6(m) (1- ̂ J") + 6(m+l) ̂  t ] (1.4-25) 

u"(t) - [u(0) - u P ( 0 ) ] e A t (1.4-26) 

where: 

6(j) = I [1 + (-D jl-

I t follows from t h i s s o l u t i o n that convergence i s impossible because u m ( t ) 
w i l l always o s c i l l a t e despite the values of M, and independently of 
Ax (Ax - 1/M); f o r odd values of M the s o l u t i o n w i l l grow unboundedly i f 
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t + », and the exact s o l u t i o n on the i n t e r v a l 0 < x < 1 w i l l be equal to one 
i n t h i s case. 

For boundary procedures as given by (1.4-3c) or (1.4-17), convergence i s en­
sured. 

1.5 Concluding remarks 

When dealing with s t a b i l i t y problems of f i n i t e d i f f e r e n c e methods one must 
r e a l i z e i n which way s t a b i l i t y has been defined. 
For PDEs necessary conditions f o r G-R s t a b i l i t y are u s u a l l y not too d i f f i c u l t 
to derive by v e r i f i c a t i o n of the G-R c o n d i t i o n , although for some problems 
t h i s could lead to complicated a n a l y t i c a l problems. 
The Von Neumann condition i s a necessary c o n d i t i o n to f u l f i l the G-R condi­
t i o n . 
A p p l i c a t i o n of the matrix method means v e r i f i c a t i o n of B-H-K s t a b i l i t y . In the 
case of i m p l i c i t methods f o r PDEs t h i s could be very d i f f i c u l t due to the 
i n v e r s i o n of large matrices. Moreover i f B-H-K s t a b i l i t y i s e s t a b l i s h e d , 
convergence i s not a necessary consequence. 
Because s t a b i l i t y i s almost always est a b l i s h e d for s i m p l i f i e d problems, addi­
t i o n a l p r a c t i c a l experience with the contemplated numerical model remains a 
necessity. 
The tools for the v e r i f i c a t i o n of the G-R c o n d i t i o n can also be used to e s t i ­
mate the propagation properties of a numerical model. 
The fact that f i r s t order e x t r a p o l a t i o n methods near boundaries are s u f f i c i e n t 
to maintain convergence permits several possible numerical boundary c o n d i t i o n 
procedures. However, o v e r s p e c i f i c a t l o n could w e l l lead to I n s t a b i l i t y or 
completely erroneous r e s u l t s . - w 
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2 E f f i c i e n t Integration Methods for the Advectlon Equation 

2.0 Introduction 

This chapter w i l l describe some e f f i c i e n t and unconditionally stable methods 
for the i n t e g r a t i o n of a simple hyperbolic equation. This equation i s given 
by: 

u + v(x) u - f (x,t ) (2.0-1) 
t X 

This equation w i l l be referred to as the nonhomogeneous advectlon equation. 
The main motivation f o r our i n t e r e s t i n approximation methods for advectlon 
equations i s the possible a p p l i c a t i o n of these methods for the advectlon 
operator of the SWE, which should be chosen c a r e f u l l y ; otherwise i n s t a b i l i t i e s 
are l i k e l y to be induced, see e.g. Weare [22]. This i n t e g r a t i o n method, how­
ever, should be e f f i c i e n t from a computational point of view. I t should be 
possible to solve not only time-dependent problems but also steady state 
problems, see, e.g., Vreugdenhil and Wijbenga [21]. 
Since many i n t e g r a t i o n methods for SWE are defined on a f i x e d g r i d with an 
equidistant g r i d s i z e the method that we are looking for should be defined on 
such a g r i d as w e l l . The following demands are to be s a t i s f i e d : 

(a) Second order consistency at l e a s t . 
(b) Computational e f f i c i e n c y . 
(c) S u i t a b i l i t y not only f o r time-dependent problems but also for steady state 

problems. 
(d) Unconditional s t a b i l i t y . 
(e) Easy to implement for the approximation of the advectlon operator of SWE 

without a s i g n i f i c a n t reduction of the o v e r a l l e f f i c i e n c y . 

Many methods for the Integration of advectlon equations are mentioned i n the 
l i t e r a t u r e . These can be divided i n t o classes according to the way i n which 
they are constructed: 

( i ) methods based upon separate approximation of each d e r i v a t i v e by f i n i t e 
differences 

( i i ) c h a r a c t e r i s t i c i n t e r p o l a t i o n methods 
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( i i i ) c h a r a c t e r i s t i c me thods 
( i v ) f i n i t e element methods 
(v) s p e c t r a l methods 

This chapter deals p r i m a r i l y with methods of class (1). Some authors, e.g. 
Benque et a l [ 2 ] , claim that methods of class ( i i ) are very e f f i c i e n t for the 
approximation of the advective part of SWE. Therefore we w i l l treat t h i s class 
as w e l l . The other three classes are not treated here because they are based 
upon a g r i d structure d i f f e r e n t from the one we use for the SWE. For a t r e a ­
t i s e on c h a r a c t e r i s t i c methods see Abbott [1]. F i n i t e element methods for the 
advection equation are treated by Morton [15]. A monograph on s p e c t r a l methods 
has been w r i t t e n by G o t t l i e b and Orszag [8]. This method i s not widely used 
f o r the approximation of SWE. 

Section 1 w i l l deal with e f f i c i e n t t i m e - s p i t t i n g methods for the i n t e g r a t i o n 
of a homogeneous advection equation with a frozen c o e f f i c i e n t . Section 2 deals 
with the s t a b i l i t y a n a l y s i s of these methods. Section 3 shows how the methods 
of section 1 can be extended to an advection equation with v a r i a b l e c o e f f i ­
c i e n t s . Section 4 deals with c h a r a c t e r i s t i c i n t e r p o l a t i o n methods that are 
unconditionally s t a b l e . Section 5 describes a few simple test problems to 
compare the methods treated. 

2.1 E f f i c i e n t time s p l i t t i n g methods for the frozen c o e f f i c i e n t equation 

Consider the following advection equation: 

u + Vu - 0, 0 < x < 1, V > 0, V - constant ("Frozen") (2.1-la) t x 

The i n i t i a l and boundary conditions are given by: 

u(x,0) = 0, u(0,t) - g( t ) (2.1-lb) 

Let (2.1-1) be approximated by a consistent system of ODEs denoted as: 

u. = A u + B (2.1-2) 
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T 
where u(t) - [ u j , .... u M] , the element u m are g r i d functions defined on an 
equidistant g r i d with g r i d s i z e Ax, Ax » 1/M. A denotes a MxM matrix and B a 
vector with M elements. 

A f t e r d i s c r e t i z a t i o n i n space (2.1-2) has to be integrated i n time. Each of 
the i n t e g r a t i o n methods that we consider can be w r i t t e n i n the form: 

Stage 1: 

(u* - u k ) / i T = A t u k + B k (2.1-3a) 

Stage 2: 

, k+1 •«,, k+1 k+1 .„ , 
(u - u ) / i T - A 2 u + B (2.1-3b) 

where \ (Aj + A2) = A. 

If an i n t e g r a t i o n method can be denoted i n the form (2.1-3), which we w i l l 
c a l l a "two stage s p l i t method", and i f both (2.1-3a) and (2.1-3b) are consis­
tent approximations of (2.1-1) then i t i s w e l l structured to be implemented as 
the advective part of an ADI type of numerical scheme for the SWE. In chapter 
3 t h i s w i l l become apparent. It i s the reason why i n t h i s s e c t i o n we only 
consider methods of type (2.1-3). Three examples of t h i s type w i l l be des­
crib e d . The f i r s t two are well-known: the Crank-Nicolson method and the 
Angled-Derivative method as proposed by Roberts and Weiss [19]. We w i l l show 
that these methods are of type (2.1-3). The t h i r d method, that we propose has 
a reduced phase error compared with the other two methods. 

a. Crank-Nicolson scheme 

This scheme i s based upon a s p a t i a l d i s c r e t i z a t i o n given by: 

(u ) + V (u - u ,)/2Ax = 0, m - 1 M 
m t m+1 m— 1 

uvu_l " 2 u„ - u„ , M+1 M M-1 

(2.1-4a) 

u Q ( t ) = g(t) (2.1-4b) 
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The i n t e g r a t i o n i n time i s w r i t t e n i n form (2.1-3) as f o l i c 

Stage 1: 

(um - u £ » * * + V fcVfl" % -l ) / 2 A x " 0. » - 1 M (2.1-5«) 

Stage 2: 

(u m + 1 " * + V (CI" V l ) / 2 6 X " °> m = 1 M 

k+1 k+1 k+1 
JM+1 = 2 "M " UM-1 

(2.1-5b) 

u =• e (2.1-5c) o 5 

The r e l a t i v e wave speed of t h i s method and the amplitude factor per wave 
Period are given by fig u r e (2-1), f o r various Courant numbers, Cf, where: 

Cf - V T/AX (2.1-6) 

The unconditional s t a b i l i t y of t h i s method, including the boundary procedure, 
has been proven by Kreiss et a l . [11]; see also Wirz et a l . [24]. 
The second stage of t h i s method implies the s o l u t i o n of a t r i - d i a g o n a l equa­
t i o n . Although the "double sweep method", see e.g. Godunov and Ryabenki [7] i s 
an e f f i c i e n t method for s o l v i n g t r i - d i a g o n a l equations, when i t i s implemented 
as part of a numerical SWE procedure, with d e r i v a t i v e s i n more than one spa­
t i a l dimension, i t could decrease o v e r a l l e f f i c i e n c y . Therefore we consider 
another two-stage s p l i t method based upon (2.1-4): 

h. The Angled Derivative method 

This method was proposed by Roberts and Weiss [19]. For i t s a p p l i c a t i o n to the 
advective part of SWE, see S t e l l i n g [20]. This method, which i s also based upon 
the s p a t i a l d i s c r e t i z a t i o n given by (2.1-4), i s denoted i n the form (2.1-3) as 
follows: 
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Stage 1: 

( um " U U » * * + V ( um+l " Um> / A x " °» " " 1 M 

k k k 
UM+1 " 2 "M " UM-1 

(2.1-7a) 

Stage 2: 

( u k + 1 - u * ) / i x + V ( u k + 1 - u k + ) )/Ax = 0, m = 1 M (2.1-7b) 
m ra m m—l • 

M k+1 /-,,-, v u Q - g (2.1-7c) 

Each of the equations (2.1-7a) or (2.1-7b) are consistent with (2.1-1). I f we 
eliminate u* then we obtain: 

. k+1 k , . k k k+1 k+r , ,„ , «. ( u m - u j / x + V ( U m + 1 - u m + u m - u m _ 1 ) / 2 A x = 0 (2.1-8) 

2 2 
This equation i s a second order (0(Ax , x )) consistent approximation of (2.1-
1). The r e l a t i v e wave speed and amplitude f a c t o r per wave period are given by 
f i g u r e (2-2). The phase errors of t h i s method are larger than the phase errors 
of the C-N scheme. In se c t i o n 2,2 unconditional s t a b i l i t y i s proved. 
Equation (2.1-7b) i s I m p l i c i t . I f the c a l c u l a t i o n of u,,, s t a r t s at m-0 and 
proceeds i n the increasing m d i r e c t i o n then the bi-diagonal equations are 
solved i n one sweep. This makes t h i s method just as e f f i c i e n t as an e x p l i c i t 
method and more e f f i c i e n t than the Crank-Nicolson method, e s p e c i a l l y f o r 
equations with d e r i v a t i v e s i n more than one s p a t i a l dimension. 
It i s also possible to construct an Angled-Derivative method that sweeps i n 
the decreasing m d i r e c t i o n . I f we write t h i s method as a two stage scheme then 
we obtain: 

Stage 1: 

(u* - u k ) / i x + V (ut- u k ,)/Ax = 0, m = 1 M (2.1-9a) 
m m m m—i 

Stage 2: 
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(um " um>^ T + v <V+1 " um ) / A x " °> ra " 1 M 

(2.1-9b) 
k+1 * k 

UM+1 = 2 "M " UM-1 

k + 1 k + 1 ,i i Q ^ u Q - g (2.1-9c) 

The r e l a t i v e wave speed i s given by fig u r e (2-3). From t h i s f i g u r e i t follows 
that f o r t h i s sweep d i r e c t i o n the phase error i s much smaller than f o r the 
sweep i n the increasing m d i r e c t i o n . For Cf = 1 the method has zero phase 
e r r o r . The method given by (2.1-7) however i s unconditionally stable whereas 
(2.1-9) i s stable only i f Cf < 1, see section 2.2. Now we w i l l t r y to con­
st r u c t a method that ( i ) i s un c o n d i t i o n a l l y s t a b l e , ( i i ) has small phase 
errors and ( i i i ) i s as e f f i c i e n t as the Angled-Derivative method. 

c Reduced phase e r r o r , two stage s p l i t scheme 

This scheme i s based upon the fol l o w i n g s p a t i a l d i s c r e t i z a t i o n : 

(u ) + V(u -u )/2Ax - 0 I t 2 o 

(u m)^+V(u .,+4u_,_.+18u -28u ,+5u 0)/24Ax - 0, m =2, .... M-2 m t m+z m+1 m m-1 m-2 
(2.1-10a) 

( UM-I>t + V ( V 3 uM-r 5 uM-2 + u M - 3 ) / 4 A X " ° 

( V t + V ( 3 uM" 4 u M - l + u M - 2 ) / 2 i X = ° 
u

0 ( t ) = g(t) (2.1-10b) 

At m-2 M-2, the order of consistency i s three, at m-1, M-1, M the order 
of consistency i s two. According to Gustafsson [9] t h i s means that the conver­
gence rate i s of order three. The reduced phase error of t h i s s p a t i a l d i s c r e ­
t i z a t i o n of the inner points when compared with c e n t r a l differences i s repre­
sented i n fig u r e (1-5). 
For the i n t e g r a t i o n i n time we propose the following s p l i t scheme: 
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Stage 1: 

(u* - u k ) / i i + V ( u k - u k)/Ax = 0 

( % " * + V (um+2 + 4 um+l " 4 u m - l " um-2> / 1 2 A x " °« m = 2 M ~ 2 

( 2 . 1 - l l a ) 
* k k k 

( u M - l " V - l ^ * t + V ( uM " u M - 2 ) / 2 A x = 0 

* k k k k 
( u M - u M ) / i T + V ( 3 u M - 4u M_j + u M_ 2)/2Ax = 0 

Stage 2: 

, k+1 * , , _ . k+1 k+l.,„ . ( u 1 - U j J / t T + V ( i i j - u Q )/Ax - 0 

, k+1 » „ , k+1 k+1 k+1 , 
<um " T + V ( 3 um " 4 um-l + um-2> / 2 A x " °> m = 2 M 

( 2 . 1 - l l b ) 

k+1 k+1 ( 2 . 1 - l l c ) 

Each of the equations ( 2 . 1 - l l a ) and ( 2 . 1 - l l b ) Is consistent with (2.1-1). I f 
* 2 3 we eliminate u then the r e s u l t i n g equation i s an 0 (T , Ax ) consistent 

2 2 
approximation of (2.1-1) at the inner points and an 0(T , Ax ) consistent 
approximation of (2.1-1) near the boundary. 
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Figure (2-1) Relative amplitude and wave speed of Crank-Nicolson scheme 
A: Cf - 0.1, V: Cf - 0.5, +: Cf = 1.0, 
X: Cf - 2.5, D : Cf - 4.0. 
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Figure (2-2) Relative amplitude and wave speed of Angled-Derivative method 
with sweep i n increasing m d i r e c t i o n 
A: Cf - 0.1, V: Cf - 0.5, +: Cf = 1.0, 
X: Cf - 2.5, Q : Cf - 4.0. 
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Figure (2-3) Relative amplitude and wave speed of Angled-Derivative method 
with sweep i n decreasing m d i r e c t i o n 
A: Cf = 0.1, 7: Cf - 0.5, +: Cf - 1.0. 
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Figure (2-4) Rel a t i v e amplitude and wave speed of reduced phase error s p l i t 
scheme 
A: Cf = 0.1, 7: Cf - 0.5, +: Cf - 1.0, 
X: Cf - 2.5, • : Cf - 4.0. 
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. / 7-7-1 (2-4), (2-10), and (2-11), the phase As follows from the f i g u r e s (2-1), {¿-¿1, Kf " " 
errors of t h i s method are reduced considerably compared with the Crank-Nicol-
son scheme or the un c o n d i t i o n a l l y stable Angled-Derivative method. However 
t h i s method i s d i s s i p a t i v e , and the other methods are non-dissipative. The 
d i s s i p a t i o n i s small compared with the d i s s i p a t i o n of the f i r s t order upwind 
scheme, see fi g u r e (1-5). 

If the c a l c u l a t i o n s t a r t s at m-1 and proceeds i n the increasing m d i r e c t i o n 
then the i m p l i c i t equations of t h i s method, which are lower diagonal, are 
solved i n one sweep, i . e . , t h i s method i s as e f f i c i e n t as an e x p l i c i t method, 
and i t i s a l s o , as we w i l l show i n sectio n 2.2, unconditionally s t a b l e . 
For large Courant numbers each method has approximately the same phase e r r o r . 

.2.2 S t a b i l i t y Analysis 

In t h i s section we w i l l examine the s t a b i l i t y of (2.1-7, 9 and 11). To study 
G-R s t a b i l i t y of (2.1-7) we div i d e t h i s equation Into two subproblems: 
The f i r s t , the Cauchy problem, i s given by: 

< ¥ • « 4 , - $ - - - i " 2 " • - ° ' 1 ' • 1 < 2 ' 2 " " 

The second subproblem, the r i g h t h a l f plane problem, i s given by: 

/ k +l k w * «, k ,k+ u k + 1 - u k + J)/2Ax = 0, m=l, 2, ... (2.2-2«) 
<um " V * + V ( u m + r um + um V * " 

k (2.2-2b) 
u k - 0 

Formally we have to consider a l e f t half plane problem too, but we use second 
, f l n u h o u n d a r v from which the s t a b i l i t y has been order e x t r a p o l a t i o n at the outflow boundary i r o 

j T«J™^Y- rs 61. Therefore we r e f e r for the proven i n general, see Goldberg and Tadmor 15,bj. 
l e f t half plane problem to these authors. 

„ v n ^ n d l t i o n we substitute into (2.2-1) an eigen-To v e r i f y the Godunov-Ryabenki condition 
s o l u t i o n given by: 

~k k- ( 2' 2" 3 ) 

m m 

This y i e l d s the resolvent equation given by: 
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* [um + f t \ " um-l>' " K l " f " um ) ] " 0 ( 2 ' 2 " 4 ) 

where r • Cf - Vt/Ax 

For the Cauchy problem we pose u m - e
l m c A x

> j^ls y i e x d s | X | - 1 V r, i . e . , 
the Cauchy problem i s unc o n d i t i o n a l l y s t a b l e . The G-R condition i s s a t i s f i e d 
f o r (2.2-2) i f (2.2-4) combined with: 

u = 0, lira u < C (2.2-5) o m m*<» 

where C denotes an a r b i t r a r y constant, f o r |\| > 1, has only the t r i v i a l 
s o l u t i o n 0,,, " 0, see Kreiss et a l [11]. 

The general s o l u t i o n of (2.2-4) i s given by: 

u - a z, m + b z 0
m (2.2-6) m l ¿ 

where Zj and Z2 are the roots of a c h a r a c t e r i s t i c equation given by: 

z 2 + 2z (X- l ) ( l + f ) / r - X - 0 (2.2-7) 

From t h i s equation i t follows that |z |. \z^\ = | X | or i f | X| > 1 then at 
leas t one root of (2.2-7) has a root with a modulus lar g e r then one, i . e . 
e i t h e r a-0 or b-0. From Q D - 0 i t follows that a - b =• 0 or the G-R condition 
i s always s a t i s f i e d . 

I f we apply the same procedure for (2.1-9) then we f i n d an un c o n d i t i o n a l l y 
stable Cauchy problem. To v e r i f y the G-R condition f o r the r i g h t half plane 
problem, we follow the same procedure as described above, again we check i f 0,,, 
- 0. This s o l u t i o n i s also given by (2.2-6) but here Zj 2

 a r e roots of the 
foll o w i n g c h a r a c t e r i s t i c equation: 

z 2 + 2z (X - 1) (1 - | ) / ( r X ) -1/X - 0 (2.2-8) 

Following M i l l e r [14] the roots of (2.2-8) z have the property |z |< 1 i f 
and only i f ( i ) |X| > 1 and ( i i ) i f the roots of the "reduced polynomial", 
see M i l l e r [14], given by: 
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z + ( l - r / 2 ) / ( r / 2 ) = 0 (2.2-9) 

have a modulus less than one. From t h i s i t follows that i f : 

r > i (2.2-10) 

then | z l ( 2 I < i W i t h | \ | > 1. In that case for a = -b there i s a n o n - t r i v i a l 
s o l u t i o n that f u l f i l s (2.2-5), i . e . , i n that case the G-R condition i s not 
f u l f i l l e d which means i n s t a b i l i t y . The following condition i s therefore neces­
sary f o r s t a b i l i t y : 

Cf < 1 (Cf - r) (2.2-11) 

This i s the well-known C-F-L condit i o n , see Courant, F r i e d r i c h s and Lewy [3]. 
Robert and Weiss [19] have derived t h i s condition by means of the so-called 
" s p a t i a l a m p l i f i c a t i o n " f a c t o r , which i n t h i s case y i e l d s (2.2-11) as w e l l . 

For the c a l c u l a t i o n of the " s p a t i a l a m p l i f i c a t i o n f a c t o r " , S p, we f i r s t e l i m i ­
nate u m from (2.1-7) to obtain the following form: 

k+1 k k k . (2.2-12a) 

k + 1 „ k k n k + 1 M-l M-? 1 (2.2-12b) 
u m - S„ u, , + u m - S n u^., , m - M-l, Vr-l i 
m p m-l m p m+i 
k+1 k+1 (2.2-12c) 

uo " 8 

where S p = ( r / 2 ) / ( l - r / 2 ) 

Equation (2.2-12b) can be wr i t t e n In the form: 

i , i I M-2-m n j 4 1, M - l , ,M-1 k ,„M , ,iM k+1 -u k + 1=S u k ,+ Z (^shsh-D^.+s; u M_ 1 +S (-1) u M (2.2-13) m p m-l J_Q P P l l r^J ' 

A necessary condition f o r u
k + l t o b e bounded as M » i s : 
m 

S p < i <2-2-14' 
This condition i s f u l f i l l e d for condition (2.2-11). 
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F i n a l l y we w i l l show that a p p l i c a t i o n of the C-F-L con d i t i o n , as introduced by 
the famous a r t i c l e of Courant, F r i e d r i c h s , and Lewy [3], al s o y i e l d s t h i s 
condition as a necessary condition for convergence. According to t h i s a r t i c l e 
the numerical domain of influence must contain the c h a r a c t e r i s t i c of the 
approximated PDE. For the sweep i n increasing m d i r e c t i o n , the domain of i n f l u ­
ence i s the shaded area of fi g u r e (2-5); t h i s area w i l l always contain the 
c h a r a c t e r i s t i c i f i t has a p o s i t i v e angle with the X-axis. For the sweep i n 
the decreasing m d i r e c t i o n , however, the c h a r a c t e r i s t i c w i l l belong to the 
numerical domain of dependence only i f (2.2-11) i s s a t i s f i e d . 

Figure 2-5 Numerical domains of dependence for Angled-Derivative method 

Next we study the s t a b i l i t y of (2.1-11). I f u* i s eliminated from (2.1-11) for 
the inner points we then obtain: 

k+1 k k+1 , k+1 k+1. ., , k , k , k k .... , u -u +r (3u -4u ,+u ~)/4+(u .,+ 4u ..-Au ,-u „)/24 - 0 m m m m-1 m-2 v m+2 m+1 m-1 m-2 J 

_, . k k ImA , . . . 
If we s u b s t i t u t e u • \ e , Q-oAx, then we obtain the propagation f a c t o r : 

P(a,t) 1 - r/6 i s l n | (2 + cost) ( 2 > 2 _ 1 5 ) 

1 + r/2 [(1 - cos*) + isincj) (2-cos4>)] 
Because |P (a,t) | < 1 V r, 0 < <|> < n, the s t a b i l i t y of the Cauchy problem i s 
established. 
The s t a b i l i t y of the boundary schemes i s d i f f i c u l t to study due to the degree 
of the complex resolvent equation. If we apply the h e u r i s t i c theory of Trapp 
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and Ramshaw [16], then (2.1-11) i s s t a b l e . (They assume that an approximation 
Is stable i f the boundary schemes when applied to a l l g r i d points, -» < m < <°, 
are sta b l e , combined of course with s t a b i l i t y of the scheme at the inner 
points.) 
If at m - M-l we apply the same scheme as at m-M then, following Goldberg and 
Tadmor [5,6], the outflow part Is sta b l e . F i n a l l y , p r a c t i c a l experience did not 
show i n s t a b i l i t i e s . 

2.3 Time s p l i t t i n g methods f o r the advection equation with va r i a b l e 
c o e f f i c i e n t s 

In t h i s section we w i l l construct methods f o r the advection equation with a 
var i a b l e v e l o c i t y given by: 

u + v(x) u - 0 (2.3-1) t x 

The methods that we w i l l describe are based only upon (2.1-8), (2.1-9), and 
(2.1-11), because the extension of these methods to the vari a b l e c o e f f i c i e n t 
case involves an aspect which does not e x i s t for the constant c o e f f i c i e n t 
case. 
The straightforward a p p l i c a t i o n of the Crank-Nicolson scheme w i l l not be 
described because there are no p r i n c i p a l differences from the constant c o e f f i ­
cient case. 
A p p l i c a t i o n of (2.1-8) f o r t h i s equation gives: 

("m _ u
m ) / t + v (u ..- u + u - u , )/2Ax - 0 l ^ ' J £ ) m m m v m+1 m m m-1 

where v = v (mAx). 
m 

/ne-~~,* fh» r o e f f i c i e n t " ) the s t a b i l i t y a n a l y s i s I f we regard v as constant ("freeze the c o e n i L i a . L , 
„P _ i - . . . , , „ . 1 . 1 - v l e l d i n e as l o c a l s t a b i l i t y c o n d i t i o n : of the preceding section Is a p p l i c a b l e , yieLume 

#, ' . (2.3-3) v T/AX > -1 m 

Ap p l i c a t i o n of (2.1-9) gives: 
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( u™ + 1- u™)/t + v
m ("ïiti- u m _ u™ i)/2Ax = 0 (2.3-4) m m m m+1 m m m— 1 

For t h i s scheme the l o c a l s t a b i l i t y condition i s given by: 

v -c/Ax < 1 (2.3-5) m 

Obviously i f the sign of v m v a r i e s , then neither (2.3-2) nor (2.3-4) repre­
sents an unconditionally stable scheme. However by using (2.3-2) i f v m < 0 and 
(2.3-4) i f v > 0 an u n c o n d i t i o n a l l y stable scheme i s obtained. If we l n t r o -m 

duce the Intermediate value u* t h i s scheme i s given by: 

Stage 1: 

(u*- u S / i , + S_v (v . u S - 0 (2.3-6.) 
Stage 2: 

( u n
+ 1 - u m ) / * x • S + x ( v m , u m

+ S = 0 (2.3-6b) 

where : 

S (v , u ) -x m m 

(v , u ) +x m m 

v (u ,,-u )/Ax for v > 0 m m+1 m m 

v (u - u )/Ax for v < 0 m m m—1 m 

v (u - u ,)/Ax for v > 0 m m m—i m 

v (u - u )/Ax for v < 0 m m+1 m m 

The second stage i s the i m p l i c i t part of the method. The matrix structure of 
k+1 

the system of equations for u m depends on the behaviour of the sign of v m . 
I f the sign i s constant then the structure i s bi-diagonal and the equations 
can be solved i n one sweep. If the sign i s changing then the structure Is t r l -
diagonal and a double sweep method Is one of the p o s s i b i l i t i e s for s o l v i n g the 
equations. Instead of a double sweep method we propose an I t e r a t i v e s o l u t i o n 
method. For that purpose we write (2.3-6b) In the form of a p r e d i c t o r - c o r r e c ­
tor method given by: 
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(u k [ P l - •*>/* t + S x [ v m , u k [ p ] , 6(p+p')] = 0 

k+1 k[P] 
1 = u 

(2.3-7a) 

(2.3-7b) 

where p = 1 P and 

S [v , u k [ p l , 0] 

S x [V \[P]> " x m m 

( u M p ] _ U k [ f > ] ) / A f o r v > o 
n ra m-1 m 

m m+1 ra " < 0 

. k [ p - l ] k [ p - l ] , 
Vm(um " um-l for v n > 0 

-v ( u ^ 1 - u k [ P , ) / A x , for v < 0 m m+1 m ' m 

6 (P+P') = } [ ! + ( - D P + P ' ] , 

p> = 

0, i f E . v > 0 
m= 1 

M 
1, i f Z v < 0 

m-1 m 

Note that i f 6(p+p') - 0 then (2.3-7a) proceeds i n the increasing m d i r e c t i o n , 
for 6(p+p') - 1 (2.3-7a) proceeds i n the decreasing m d i r e c t i o n . 
In general the p r e d i c t o r - c o r r e c t o r method as described above converges very 
fast as was found by p r a c t i c a l experience. Usually two steps are enough. This 
means that the cost of t h i s method i s approximately the same as when the 
I m p l i c i t set of equations i s solved by a double sweep method. The p r i n c i p l e of 
the method described here can be extended more e a s i l y to multi-dimension..! 
problems. 

To i l l u s t r a t e the fast convergence rate of (2.3-7) we give four examples at 

Possible matrix structures depending on the signs of v m : 
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Example I: 

sign of v m; + + + + ... v m > 0 V m 
main diagonal 

/ 
Matrix s t r u c t u r e : * * 

* * 

e t c . 

For t h i s case the exact s o l u t i o n of (2.3-6) i s reached by (2.3-7) i n one step 
and needs no i t e r a t i o n s . 

Example I I : 

sign of v m: - - - - ... v m < 0 V m 
main diagonal 

/ 
Matrix structure * * 

* * 

e t c . 

For t h i s case the exact s o l u t i o n of (2.3-6) i s reached by (2.3-7) i n one step 
and needs no i t e r a t i o n s . 

Example I I I : 

sign of v m : + + + v m - 0 - - - e t c . 
main diagonal 

/ 
Matrix s t r u c t u r e : * * 

1 

etc. 
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For t h i s example the exact s o l u t i o n of (2.3-6) i s reached by (2.3-7) i n two 
steps. 

Example IV: 

sign of v m - - v r a - 0 + + etc. 
main diagonal 

/ 
Matrix s t r u c t u r e : * * 

* * 
1 

etc. 

For t h i s example the exact s o l u t i o n of (2.3-6) Is reached by (2.3-7) In two 
steps. 

The method given by (2.1-11) can be treated i n the same way, i n the case where 
v i s variable and changes sign. We obtain: 

/ * k w i , k , k / K K I / I ? A V = 0 (2.3-8a) 
<um" um>^ ' + V um+2 + 4ura+r 4 u m - l " u m - 2 ) / 1 2 A X °* 

/ k + l * W 1 . n , k + 1 N r, (2.3-8b) (u - u )/\ i + S. (v , u ) - 0 m ra 1 +xv m' m 

where: 

S (v , u ) -+x ra m 

v (3u - 4u , + u ,)/2Ax, for v > 0 ra m m-1 m-Z 

v (-3u + 4u ,- u i 0 ) / 2 A x , for v < 0 m m m+1 m+2 m 

Again the second equation i s solved i t e r a t l v e l y by a pr e d i c t o r - c o r r e c t o r 
method: 

( u m
[ p l - u > , + S + x [ v m , 6 ( ^ ) 1 - 0 (2.3-9a) 
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k+l k[P] (2.3-9b) 

where: p=l, P and 

S. [ V . u ^ P l , 6] -< 
V ( 3 u k [ p - 6 ] - 4 u k [ r 6 ] + u k [P- 6 l)/2Ax, for v > 0 m m m-1 m-2 ' * m 

v ( - 3 u k t P - 1 + 6 l
+ Au^P-^L.Mp-l+ô] / 2 A f Q r y < 0 m m m+1 m+2 m 

6 (p+p') = i [1 + (-D P + P'] 

r 0, i f E v > 0 

1, i f I v < 0 
i m 

m=l 

I f 6 (p+p') • 0 then (2.3-9a) proceeds i n the increasing m d i r e c t i o n ; f o r 
6 (p+p') » 1 (2.3-9a) proceeds i n the decreasing m d i r e c t i o n . 

Each stage of (2.3-6) i s an 0(T, A X ) , consistent approximation of (2.3-1), the 
2 2 

o v e r a l l order of consistency i s 0 (x , Ax ). 
2 

The order of consistency of (2.3-8) i s 0 (T, Ax ), and the o v e r a l l consistency 
2 3 i s 0 (T , Ax ). 

2.A C h a r a c t e r i s t i c I n t e r p o l a t i o n methods 

Some authors, e.g., Benque et a l . [ 2 ] , claim that very e f f i c i e n t approximation 
methods f o r SWE can be constructed by using "operator s p l i t t i n g " . This means 
that the d i f f e r e n t i a l operator i s s p i l t into several parts. Each part i s 
approximated by a s p e c i a l method. For the advection operator Benqu§ et a l 
apply an unconditionally stable c h a r a c t e r i s t i c i n t e r p o l a t i o n method. In t h i s 
section we describe the p r i n c i p l e of t h i s method for the fo l l o w i n g simple 
advection equation: 

u + V u » 0 t x (2.A-1) 
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The general s o l u t i o n Is given by u(x,t) = f ( x - V t ) . This means that the solu­
t i o n of (2.4-1) i s constant along the l i n e x » Vt which Is c a l l e d a character­
i s t i c . For c h a r a c t e r i s t i c i n t e r p o l a t i o n methods t h i s c h a r a c t e r i s t i c Is used 
for the construction of approximate s o l u t i o n s . For the exact s o l u t i o n , the 
following r e l a t i o n holds: 

u[(k+l)-t, mAx] - u(kx, mAx-Vx) (2.4-2) 

The point [ ( k + l ) i , mix] i s a g r i d point but i n general the point ( k t , mAx-Vt) 
does not coincide with a g r i d point, see also figure (2-6). 

(m-l)Ax mAx 

Figure (2-6) x,t space of (2.4-1) 
* g r i d points 

An approximation for u(kx.mAx-Vt) can be obtained by Lagrangian i n t e r p o l a t i o n . 
This gives the f o l l o w i n g numerical scheme: 

k V> k-1 , M (2.4-3) u -ffVi (mAx -Vx, U ), m=l, .... " m p — 

<p , i n f = r-nnlati(m polynomial of order p whereoC (x, u) denotes a Lagrangian i n t e r p o l a t i o n P y 
p — x 

which i s based upon [ u Q , u M ] . 

... k . . i , of many numerical methods for the This well-known p r i n c i p l e forms the basis or many 
advectlon equation, see e.g. Fromm [4], Roache [181, and Wesseling [23]. 
Both Lagrangian polynomials and Hermitlan polynomials are used, see, e.g., 
Holly and Prelssmann [10]. 
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In general, c h a r a c t e r i s t i c I n t e r p o l a t i o n methods are e x p l i c i t and not uncondi­
t i o n a l l y s t a b l e , although there are exceptions, for example, "Carlson's 
scheme", see Richtmyer and Morton [17]. This scheme t r i e s to follow the 
c h a r a c t e r i s t i c as close as possible while keeping unconditional s t a b i l i t y . 

A s i m i l a r p r i n c i p l e i s treated by Holly and Prelssmann [10]. We treat t h i s 
p r i n c i p l e by means of a second order Letth scheme, which i s equivalent to the 
second order Lax-Wendroff scheme. I t i s given by: 

uk+l _ u k _ , r , k 
m m m+1 i k ) + i r 2 ( u k - 2u"S u k ) m-l m—1 m m+1 (2.4-4) 

where r = VT/AX (r = Cf, the "Courant number") 

This scheme, which i s w e l l known, has the following necessary s t a b i l i t y condi­
t i o n : 

r < 1 (2.4-5) 

This means that as soon as (2.4-4) represents extrapolation instead of i n t e r ­
p o l a t i o n , the numerical scheme becomes unstable, because i n that case the 
numerical domain of dependence does not contain the c h a r a c t e r i s t i c of (2.4-1), 
see figure (2-7). 

c h a r a c t e r i s t i c (unstable, i . e . extrapolation) 

c h a r a c t e r i s t i c ( s t a b l e , i . e . i n t e r p o l a t i o n ) 

Figure (2-7) Numerical domain of dependence of 2nd order L e i t h method. 

By choosing the basis points of the i n t e r p o l a t i o n polynomial such that i t 
always represents an i n t e r p o l a t i o n formula, an e x p l i c i t unconditionally stable 
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method can be constructed. 

Based upon second order Lagrangian I n t e r p o l a t i o n such a scheme becomes: 

u k + i - * j ( j - D • d - j 2 ) £ j § U ^ ^ J 

- r [J ( 2 j - l ) u ^ ^ j - 2j u£_ J + | (2J+1) a ^ . j ] 

+ * r 2 ( V j - j - 2 u k _ J + u ^ ) (2.4-6) 

where j i s an Integer number for which the following r e l a t i o n holds: 

j-1 < r < j+1 (2.4-7) 

The scheme (2.4-6) i s unc o n d i t i o n a l l y stable for the Cauchy problem. Phase and 
amplitude errors for various Courant numbers are given by figure (2-8). 

If we choose r - j+1, (2.4-6) becomes: 

um + 1 = £ . V ( 2 - 4 _ 8 ) m m-1—j 

In that case, the method y i e l d s the exact s o l u t i o n , and the scheme i s said to 
have the "point to point t r a n s f e r property". This i s common to a l l charac­
t e r i s t i c I n t e r p o l a t i o n methods. 

If a method constructed by the method of li n e s has t h i s property then i t can 
be w r i t t e n i n the form of a c h a r a c t e r i s t i c i n t e r p o l a t i o n method. As an example 
we treat the "box scheme", see Lam and Simpson (12). For (2.4-1) t h i s scheme 
i s given by: 

. . k+1 k+1 k k w , „ , k+1 k+1 k „ k w A v _ n r2 A-Q) 
* ( U m+l + um " um+r Um ) / T + * V ( um+l _ Um + Um+1 Um ) / A x " 0 ( 2-* 9 ) 

which i s a combination of the trapezoidal r u l e , see Lambert [13], f o r the 
int e g r a t i o n i n time, and the box s p a t i a l d i s c r e t i z a t i o n treated i n chapter I. 
By re w r i t i n g (2.4-9) we obtain: 
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k+1 1-r k+1 k 1-r k , ? ,_ l f ) 
um+l " " T+7 um um T+7 unH-l ( 2 * 4 1 0 

This formulation can be considered as Lagrangian i n t e r p o l a t i o n based upon 

k+1 k k u , u and u .,, m ' m m+1* 

see f i g u r e (2-10). 



73 
r e l a t i v e a m p l i t u d e 
1 .50^ 

1 .25 

I .00 

. 75 

.50. 

.25 

00 
1 2 

p o i n t s per wavelength 

r e l a t i v e wave speed 
1 .50, 

I .25 

1 .00 

p o i n t s per wavelength 

LOG 10 

.OG10 

Figure (2-8) R e l a t i v e amplitude and wavespeed of 2nd order s t a b i l i z e d L e i t h 

scheme 
A: Cf - 0.1, V: Cf + 0.5, +: Cf - 1.0, 
X: Cf = 2.5, • : Cf = 4.0. 
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Figure (2-9) Relative amplitude and wavespeed of box scheme 
A: Cf - 0.1, V: Cf - 0.5, +: Cf - 1.0, 
X: Cf - 2.5, D : Cf - 4.0. 
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c h a r a c t e r i s t i c 

k+1 
u 
m 

f k k 
ra+1 u 

m 

k 
ra+1 

Q basis points for Lagrangian i n t e r p o l a t i o n . 
Figure (2-10) Lagrangian i n t e r p o l a t i o n of box scheme. 

If r-1 then (2.4-10) gives u
k t ! = u k , i . e . , "point to point t r a n s f e r " . See also 
m+1 m 

the r e l a t i v e phase speed of the box scheme given by f i g u r e (2-9) for various 
Courant numbers. The r e l a t i v e amplitude of t h i s scheme i s always 1. 

Some authors, such as Roache [18] and Morton [15], claim that "point to point 
t r a n s f e r " i s a necessity for advective methods. We believe i t i s an advantage 
but not a necessity, moreover c h a r a c t e r i s t i c i n t e r p o l a t i o n methods are often 
only f i r s t order accurate when applied to steady-state or non-homogeneous 
Problems, see Roache [18] p. 78 or p. 351. 

If the equation that i s to be approximated i s not purely advective, then the 
concept of " f r a c t i o n a l steps", i s introduced to implement the c h a r a c t e r i s t i c 
I n t e r p o l a t i o n approach, see Holly and Preissmann [16]. This approach i s used 
quite often for a d v e c t i o n - d i f f u s i o n problems and i s applied by Benque et a l . 
[2] f o r SWE. 
Here we w i l l demonstrate t h i s p r i n c i p l e f or the approximation of a simple non-
homogeneous problem given by: 

u + Vu - f ( x , t ) t x 
(2.4-11) 

This equation i s " s p l i t " according to: 

u„ + Vu » 0 t x 
(2.4-12a) 

and: 
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u t = f ( x , t ) (2.4-12b) 

Equation (2.4-12a) i s approximated by some c h a r a c t e r i s t i c i n t e r p o l a t i o n method 
and (2.4-12b) by an a r b i t r a r y method. 
For example, i f (2.4-12a) i s approximated by (2.4-6) for r < 1 and (2.4-12b) 
by the trapezoidal r u l e then we have the following scheme: 

Stage 1: 

u* - u k - i r ( u k ,- u k_,) + i r 2 ( u k ,- 2u k + u\_,) (2.4-13a) m m m+1 m—l ra-1 m m+1 

Stage 2: 

<um+1 " " * fm + 1 + » ¡1 <2-4"13b> 

where f - f (mAx, ki). 

Neither (2.4-13a) nor (2.4-13b) i s consistent with (2.4-11) but by eli m i n a -
* t i n g u we obtain: m 

( u k + 1 - u m ) / x + V ( u k
r i . 1 - u m . 1 ) / 2 A x - H V 2 ( u m _ 1 - 2 u m + u m + 1 ) / A x 2 = i ( f k + 1

+ f m ) (2.4-14) 

This equation i s only f i r s t order consistent with (2.4-11). Let us assume that 
(2.4-14) i s applied as an i t e r a t i v e method for the approximation of a steady-
state equation given by: 

Vu - f ( x ) (2.4-15) x 

then f or r-1 (2.4-14) gives an approximation given by: 

V (u -u .) = f (2.4-16) m m-1 m 

This i s only a f i r s t order accurate approximation of (2.4-15). By increasing 
the Courant number the approximation becomes less accurate. For example, r«4 
gives: 



V (u - u ,) = f (2.4-17) m m—4 m 

Increasing the order of the i n t e r p o l a t i o n polynomial w i l l not change (2.4-17) 
as can e a s i l y be v e r i f i e d . This means that the accuracy of the approximation 
of a steady-state problem w i l l not be increased. 

Note that for large Courant numbers (2.4-6) contains a large number of s p u r i ­
ous roots. 

The aspects as described above are a major drawback of the c h a r a c t e r i s t i c 
I n t e r p o l a t i o n method when applied to SWE because steady state problems are 
often encountered i n p r a c t i c a l a p p l i c a t i o n s , see e.g. Vreugdenhll and Wijbenga 
[21]. Also the implementation of boundary conditions generally reduces the 
order of accuracy, see Roache [18] when operator s p l i t t i n g i s applied. 

Methods of class 1, as defined i n the i n t r o d u c t i o n , of which the box scheme 
(2.4-9) i s an example too, give no problems when non-homogeneous terms are to 
be Implemented. For these methods the ultimate r e s u l t , when steady-state 
Problems are approximated, does not depend on T. Only the convergence rate 
depends on the timesteps. 

F i n a l l y we compare the propagation properties of the unconditional stable 
methods mentioned i n t h i s chapter: 
(1) Crank Nicolson scheme, ( i i ) the unconditional stable angled d e r i v a t i v e 
method, ( i l l ) the reduced phase error s p l i t scheme, ( i v ) the s t a b i l i z e d L e i t h 
scheme, and (v) the box scheme i n the figures (2-11) and (2-12). 
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Figure (2-11) Comparison of propagation p r o p e r t i e s , Cf = 0.1. 
A: Crank Nicolson +: reduced phase error s p l i t scheme 
7: unconditional s t a b l e x: s t a b i l i z e d L e i t h scheme 

Q: box scheme angled d e r i v a t i v e 
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Figure (2-12) Comparison of propagation properties, Cf = 4.0 
A: Crank Nicolson +: reduced phase error s p l i t scheme 

V: unconditional stable x: s t a b i l i z e d L e i t h scheme 
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2.5 Numerical experiments 

We consider the s o l u t i o n of several sample problems i n t h i s s e c t i o n . The 
difference equations used w i l l be: ( i ) Crank-Nicolson scheme (2.1-5), ( i i ) the 
Angled Derivative method (2.1-8), ( i l l ) the reduced phase error s p l i t scheme 
(2.1-11), ( i v ) the s t a b i l i z e d L e i t h scheme (2.4-6), and (v) the box scheme 
(2.4-9). Only unconditionally stable methods are used. For a comparison of the 
propagation properties of these methods, see figures (2-11) and (2-12). 
Each method w i l l be applied to two sample problems. The r e s u l t s are presented 
as a v e r i f i c a t i o n of the amplitude and phase errors of the numerical scheme as 
far as the f i r s t sample problem i s concerned. The second test problem i l l u s ­
trates the accuracy of a numerical scheme when i t i s applied to a non-homoge­
neous steady-state problem. 

The f i r s t sample problem (I) i s given by: 

u + u = 0, 0 < x < 1 (2.5-la) t x 

with i n i t i a l and boundary conditions given by: 

u (0,t) - 1, u (x,0) = 0 ; 5-lb) 

The s o l u t i o n of t h i s equation i s given by: 

(2.5-2) 

which represents the propagation of a square wave. 
The second sample problem ( I I ) Is given by: 

2 
u + u - -2a ( x - 0 . 5 ) e " a ( x _ 0 , 5 ) (2.5-3a) t x 

with I n i t i a l and boundary condition: 

u(0,t) = 0, u(x,0) = 0 (2.5-3b) 
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For s u f f i c i e n t l y large values of a a very accurate approximation i s given by: 

u(x,t) = e-<*(x-0.5) 2_ e-a(x-t-0.5) 2 (2.5-4) 

Both sample problems are c a l c u l a t e d f o r the Courant numbers Cf = 0.1, 0.5, 
2.5, and 4 while Ax = 1/100. The number of timesteps were 500, 100, 50, 20 and 
13 r e s p e c t i v e l y . For the methods ( i ) - ( v ) the r e s u l t s were as follows: 

a. Results for sample problem I 

The methods ( i ) and ( i i ) , f o r which the r e s u l t s are shown In figures (2-13) 
and (2-14), have comparable solutions as far as phase errors are concerned. 
Both schemes show lagging phase errors, e s p e c i a l l y for the small wave numbers. 
Method ( i l l ) i s considerably more accurate, as figure (2-15) shows. Moreover, 
the r e s u l t s of t h i s method remain p r a c t i c a l l y unaltered for 0 < Cf < + 1.5. 
This i s an advantage for a p p l i c a t i o n s with v a r i a b l e c o e f f i c i e n t s . 
The point to point t r a n s f e r property of method ( i v ) for Cf - 1 i s c l e a r l y 
demonstrated by figure (2-16). For large Courant numbers the r e s u l t s seem to 
be rather e a s i l y disturbed by spurious "wiggles". F i n a l l y , figure (2-17) i l l u s ­
t r a tes very c l e a r l y the leading phase errors for Cf < 1, the point to point 
Property for Cf - 1, and the lagging phase errors for Cf > 1 of the box 
scheme. 
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Figure (2-13) Crank--Nlcolson scheme 
Ai Cf - 0.1, number of timesteps • 500 
V: Cf - 0.5, number of timesteps • 100 
+ : Cf - 1.0, number of timesteps • 50 
X: Cf - 2.5, number of timesteps = 20 
U: Cf - 4.0, number of timesteps • 13 
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Figure (2-14) Angled-Derivatlve method 
A: Cf - 0.1, number of timesteps = 500 
V: Cf - 0.5, number of timesteps - 100 
+: Cf • 1.0, number of timesteps • 50 
X: Cf - 2.5, number of timesteps = 20 
•: Cf - 4.0, number of timesteps • 13 
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I .33 

Figure (2-15) Reduced phase error s p l i t scheme 
A: Cf - 0.1, number of timesteps • 500 
7: Cf - 0.5, number of timesteps - 100 
+: Cf - 1.0, number of timesteps • 50 
X: Cf - 2.5, number of timesteps = 20 
Q : Cf - 4.0, number of timesteps • 13 
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Figure (2-16) S t a b i l i z e d 2 n d order L e i t h scheme 
A: Cf - 0.1, number of timesteps - 500 
V: Cf - 0.5, number of timesteps • 100 
+: Cf - 1.0, number of timesteps • 50 
X: Cf - 2.5, number of timesteps = 20 
D: Cf - 4.0, number of timesteps = 13 



box-scheme 
A: Cf = 0.1, number of tlmesteps » 500 
V: Cf - 0.5, number of tlmesteps - 100 
+: Cf » 1.0, number of tlmesteps • 50 
X: Cf - 2.5, number of tlmesteps - 20 
Q: Cf - 4.0, number of tlmesteps - 13 
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b. Results f o r sample problem I I 

This test problem i s used to i l l u s t r a t e the e f f e c t l v i t y of the methods ( i ) -
(v) when they are applied to a non-homogeneous stationary problem. 
The c o e f f i c i e n t a • 2500. The Courant numbers were the same as for test prob­
lem I . The timesteps ( K ) , K • 1000, 200, 100, 40, and 25 were such that at 
t » KT the exact s o l u t i o n has almost reached a steady-state s i t u a t i o n . Again, 
as the figures (2-18) and (2-19) show, the r e s u l t s of method (1) and method 
( i i ) are s i m i l a r , e s p e c i a l l y f o r small timesteps. For both methods steady 
state has not yet been reached. 
Figure (2-20) shows that the r e s u l t s of method ( H i ) are again s a t i s f a c t o r y . 
The value of the timestep hardly influences the s o l u t i o n , i . e . , very fas t 
convergence to steady state i s possible by choosing a large timestep. 
Figure (2-21) shows the poor r e s u l t s of method ( i v ) f or large values of the 
Courant number. Increasing a makes the r e s u l t s even worse. If s u f f i c i e n t l y 
large values are chosen for a combined with a Courant number larger than 2, 
the amplitude of the wiggles can grow a r b i t r a r i l y large. I t shows that t h i s 
method i s t o t a l l y inadequate f or large Courant numbers, because of the large 
number of spurious roots. 
Figure (2-22) shows that the box scheme performs quite w e l l . Only for the 
Courant numbers 2.5 and 4 has a steady-state not yet been reached a f t e r the 
observed numbers of timesteps. 
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Figure (2-18) Crank-Nicolson scheme 
A: Cf - 0.1, numbe r of tlmesteps « 1000 
V: Cf - 0.5, numbe r of tlmesteps • 200 
+ : Cf - 1.0, number of tlmesteps = 100 
X: Cf - 2.5, number of tlmesteps • 40 
Q : Cf - 4.0, numbe r of tlmesteps - 25 
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Figure (2-19) Angled-Derlvative method 
A: Cf - 0.1, number of tlmesteps • 1000 
V: Cf - 0.5, numbe r of tlmesteps » 200 
+ : Cf - 1.0, number of tlmesteps • 100 

X: Cf - 2.5, number of tlmesteps - 40 
0 : Cf - 4.0, number of tlmesteps • 25 
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Figure (2-20) Reduced phase error s p l i t scheme 
A: Cf = 0.1, number of timesteps • 1000 
V: Cf • 0.5, number of timesteps = 200 
+: Cf - 1.0, number of timesteps » 100 
X: Cf • 2.5, number of timesteps • 40 
Q : Cf = 4.0, number of timesteps = 25 
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Figure (2-21) S t a b i l i z e d L e l t h scheme ( 2 n d order) 
A: Cf = 0.1, number of timesteps = 1000 
V: Cf = 0.5, number of timesteps - 200 
+: Cf - 1.0, number of timesteps = 100 
X: Cf =• 2.5, number of timesteps = 40 

a : Cf = 4.0, number of timesteps = 25 
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Flgure (2-22) box scheme 
A: Cf - 0.1, number of tlmesteps • 1000 
V: Cf - 0.5, number of tlmesteps - 200 
+ : Cf = 1.0, numbe r of tlmesteps » 100 
X: Cf - 2.5, number of tlmesteps - 40 
U: Cf = 4.0, number of tlmesteps = 25 
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2.6 Concluding Remarks 

Several numerical methods for the advection equation were compared that can 
a l l be applied for the approximation of the advection operator of SWE. 
Ap p l i c a t i o n of the c h a r a c t e r i s t i c i n t e r p o l a t i o n approach combined with oper­
ator s p l i t t i n g does not seem to be very a t t r a c t i v e because the order of accu­
racy w i l l be equal to one at most for many p r a c t i c a l a p p l i c a t i o n s . Adequate 
re s u l t s are to be expected only for small timesteps. 
The reduced phase error s p l i t scheme shows excellent r e s u l t s both for time-
dependent and steady-state problems. 

The sample problems are of only l i m i t e d value. Moreover, the advection operator 
i s i n many cases not the most important part of the t o t a l d i f f e r e n t i a l opera­
tor of SWE. Ad d i t i o n a l experience with p r a c t i c a l problems for SWE i s necessary 
for a f i n a l choice. Accuracy, e f f i c i e n c y , and robustness are a l l important for 
an approximation method f or the advection operator of SWE. 
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3 I m p l i c i t f i n i t e d ifference schemes for the l i n e a r i z e d shallow-water 
equations 

3.0 Introduction 

In t h i s chapter we w i l l treat several numerical schemes for the numerical 
approximation of the so-called "frozen c o e f f i c i e n t " shallow-water equations 
(SWE). 
These l i n e a r equations are given by: 

u + Uu + Vu + g C = 0 , (3.0-la) t x y x 

v t + Vv y + Uv x + g C y - 0 , (3.0-lb) 

C t + UC X + VC y + Hu x + Hv y - 0 . (3.0-lc) 

where: 
u (x»y,t) =• depth averaged v e l o c i t y i n x d i r e c t i o n , 
v (x»y.t) = depth averaged v e l o c i t y i n y d i r e c t i o n , 
C (x,y,t) - water elevation above some plane of reference, 
H • constant averaged depth, 
g " ac c e l e r a t i o n due to gr a v i t y and 
U.V are constants such that tf 2 + V 2 < gH, assuming s u b c r i t i c a l flow. 

In section 1 we introduce the concept of " g r i d staggering" for semi-discrete 
approximations of (3.0-1) without advection terms. 
In section 2 we w i l l treat several i m p l i c i t f i n i t e difference schemes for the 
approximation of (3.0-1) that are well-known from the l i t e r a t u r e . For some of 
these schemes the advection terms are approximated d i f f e r e n t l y than the numer­
i c a l treatments of the other f i r s t order d e r i v a t i v e s , i . e . , these schemes are a 
composition of several numerical methods. The r e s u l t i n g schemes w i l l be c a l l e d 
"composite schemes". Each numerical method of t h i s section w i l l be discussed 
b r i e f l y . Each scheme has disadvantages that hamper t h e i r a p p l i c a t i o n to prac­
t i c a l problems i n c i v i l engineering. 
In section 3 we propose two i m p l i c i t composite f i n i t e difference schemes for 
the approximation of (3.0-1) of which the advection operator i s approximated 
by methods proposed i n chapter 2. The f i r s t scheme i s very e f f i c i e n t but 
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c o n d i t i o n a l l y s t a b l e . The second scheme Is unc o n d i t i o n a l l y stable but requires 
more operations per timestep than the f i r s t method. The approximations i n t h i s 
chapter are based upon the method proposed i n chapter 2. 
The s t a b i l i t y analysis of these schemes i s given i n section 4. In section 5 
the l i m i t a t i o n s of ADI schemes with respect to accuracy are discussed. 

3.1 Grid staggering 

If we neglect the advectlon terms of (3.0-1), i . e . the terms given by 
Uu x, Vuy, Vvy, Uv x, UC X, VC V, we obtain the fo l l o w i n g equations: 

u + gC x = 0, (3.1-la) 

v t + gC y = 0, (3.1-lb) 

C + Hu + Hv = 0. (3.1-lc) t x y 

Suppose (3.1-1) i s to be approximated numerically. To t h i s end f i r s t the 
s p a t i a l g r i d of figure (3-1) i s defined. 

n + 1 C,u,v C,u,v C.u.v 

n + 1 C.u.v C.u.v C,u,v 

n C.u.v C.u.v C.u.v 

m m+̂  m+1 
< Ax ^ 

J 
Ay I 

Figure (3-1) S p a t i a l non-staggered g r i d 

In t h i s section we consider only s p a t i a l d i s c r e t i z a t i o n s . 
For (3.1-1) a semi-discrete approximation i s given by: 

u + t 8C, 0, at m,n (3.1-2a) 
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v t + gC o y = O, at m,n (3.1-2b) 

C f + Hu + Hv =0, at m,n (3.1-2c) t ox oy 

where m - .... i , i j , 2 

n - i , 1, li, 2 
d 

" t at m.n denotes um n ( t ) , v t and lt are defined accordingly 
C at m,n denotes (r - C ) / A x , 
°x m+i,n ra-i,n 

u and v are defined s i m i l a r to C . 
ox ox ox 

C at m,n denotes (C ,,-C )/Ay , 
°y m,n+i m,n-| 

u and v are defined s i m i l a r to C 
oy oy *oy 

If boundary conditions are not taken into account, then, because of the spe­
c i a l structure of (3.1-1) combined with the use of c e n t r a l differences i n 
'3.1-2), t h i s l a t t e r equation consists of four sets of independent equations. 
The four g r i d s , each of which r e l a t e s to one independent set, are given by 
figure (3-2). 
If one chooses just one of the four possible g r i d s , which are a l l equivalent, 
the numerical s o l u t i o n that belongs to that g r i d i s just as accurate as the 
numerical s o l u t i o n that belongs to the o r i g i n a l g r i d . The accuracy i s main­
tained by staggering the g r i d according to figure (3-2). However, the number 
of computational values i s decreased by a factor of 4. This explains the 
extensive use of staggered grids for the approximation of the SWE ever since 
Hansen [9]. 
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n + 1 
i + 1 
n 

c 
v 
c 

c 
v 
c 

n+i m+1 m+1 

n + 1 
n + ! 
n 

v 
C 
V 

m+i 

v 
C 
V 

m+1 

C 
v 
c 

m+i m+1 

1 u 
V 

Ê 

, * 
v + gC = 0 t 6 oy 

Figure (3-2) Staggered grids 

C + Hu + Hv - 0 t ox oy 

51 - ' t + gC o x = o 

Another advantage of g r i d staggering i s the s i m p l i c i t y of the implementation 
of boundary conditions; i f a "u boundary condi t i o n " , i . e . at the boundary the 
v e l o c i t y i n the x d i r e c t i o n i s given, i s located i n a u point of fi g u r e (3-2), 
a "v boundary" at a v point or a r boundary at a ( point, then s p e c i a l bound­
ary schemes are not needed. From t h i s i t follows that for s t a b i l i t y , at le a s t 
f o r ID problems, only the Cauchy problem needs to be investigated, see K r e i s s 
[10]. This means that f o r a staggered g r i d a c e r t a i n class of boundary condl-
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tlons does not Introduce a d d i t i o n a l s t a b i l i t y problems. 

The l a s t advantage of staggered grids that we describe i n t h i s section i s the 
exclusion of spurious o s c i l l a t i o n s . Consider a l i n e a r i z e d one-dimensional SWE: 

u + g C =0, t x 

C + Hu =0, t x 

Ç + Hu • 0, at m, m • 1, 1, M 
t ox 

" m - 2 u M - u M _ } 

. / s s t / ^ n (3.1-3C) 

C Q ( t ) = e , u ^ t ) = 0 

where Ax - 1/M 
The g r i d of t h i s scheme i s defined by figure (3-3). 

u, C u, C u, C 
m m+̂  m+1 

fig u r e (3-3) One-dimensional g r i d 

In a search for normal modes of the form: 

(3.1-3a) 

(3.1-3b) 

where 0 < x < 1 and boundary conditions are given by: 

C (o,t) - e S t , u ( l , t ) - 0 (3.1-3c) 

The semi-discrete approximation of (3.1-3) s i m i l a r to (3.1-2) i s : 

u^ + g C Q x - 0, at m, m - 0, i , M - \ 
(3.1-3a) 

(3.1-3b) 
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r y v - * ,,T r~ ~,T st m [ u m ( t ) , C m ( t ) ] =• [u, Cl e z 

we su b s t i t u t e Into (3.1-3) 

IS<«>. C r a ( 0 ] T = [ u m , C j T e S t 

This y i e l d s the following resolvent equation of (3.1-3): 

su + g C o x
 = 0» at m, m-0,i,...,M-| 

(3.1-4) 

(3.1-5) 

(3.1-6a) 

" 2 C o " 

sC + H U Q X - 0, at m, m«i,l,...,M 

uM+i " 2 uM " UM-J 

The s o l u t i o n of (3.1-6) i s given by: 

1 C 1 " lM 1 [ al Zl 2 m + P i ( - Z i > 2 m ' + 1 [ a 2 Z 2 " + P2 (- z2 )"" ] ( 3- 1" 7) 

(3.1-6b) 

(3.1-6c) 

where z j ( 2 are roots of the c h a r a c t e r i s t i c equation of (3.1-6) given by: 

Axsz 

H (z -1) 

g(z -1) 

Axsz 
(3.1-8) 

and a and 8 are constants determined by boundary conditions and 1,2 1,2 
boundary schemes 

From (3.1-7) i t follows that i f m i s an integer, then (3.1-5) can be w r i t t e n 

Clt)1 = e S t ( [ fl 1 ( a l + PV z l 2 m + [ H 1 ( a 2 + P 2 ) ^ (3.1-9a) m /— —V— g g 
while i f m i s an odd multiple of ^ then (3.1-5) becomes: 
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m /— -/— g g 
In general 8 j 2 * 0, and we see that a spurious "2Ax wave" w i l l be present i n 
the "non-staggered" g r i d . The amplitude of t h i s wave depends on the boundary 
conditions and the value for s, which i s determined by the wave periods of the 
boundary conditions. 
Summarizing, for the simple SWE (3.1-1) two independent sets of equations 
resu l t i n the 1-dimensional case and four independent sets i n the 2-dimen-
si o n a l case. The differences between the solutions may become apparent i n the 
res u l t of the c a l c u l a t i o n s as spurious "2Ax waves", to an extent determined by 
the boundary conditions. 
If only one of the sets i s chosen, these spurious solutions are impossible. 
This follows Immediately from a general s o l u t i o n for a staggered grid which i s 
given by: 

[" m + i ^ i _ e s t / z a , « , / z b , m, (3.1-10) 
lC ( t ) 1 e 1 1 ,H 1 Y a z a 1 ,H 1 Y b b ' 

g g 
2 2 

where z g = Zj , z^ = z 2 and y a ), a r e constants. 

Obviously t h i s general s o l u t i o n does not contain spurious o s c i l l a t i o n s . 

j _ - 2 Review of e x i s t i n g i m p l i c i t methods 

In t h i s s e c t i o n we describe several FDMs for the approximation of SWE that are 
well-known from the l i t e r a t u r e . In the o r i g i n a l papers these FDMs are de­
scribed f o r nonlinear SWE with various dependent va r i a b l e s , for example, 
Cu, v, c ) T , (uh, vh, C ) T or (u, v, 2/gh) T, where h denotes the t o t a l depth of 
the f l u i d . To explain the relevant aspects of the methods i t i s s u f f i c i e n t to 
describe the form they take when they are applied to (3.0-1). We rewrite (3.0-
1) i n the fol l o w i n g form: 

w + Uw + Vw + Aw + Bw = 0 (3.2-1) ~ t —x —y —x —y 

where « - ( u, v, C ) T , 
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0 0 g 
0 0 0 
H 0 0 

and B = 
0 0 0 
0 0 g 
0 H 0 

We w i l l describe the FDMs proposed by Gustafsson [8], E l v l u s and Sundströtn 
[3], Leendertse [14] and Benque et a l . [1]. 

a. Gustafsson's method 

This method i s based upon a non-staggered gr i d as given by figure (3-1). When 
applied to (3.2-1) t h i s method i s a straightforward ADI method c o n s i s t i n g of 
two stages which are given by: 

Stage 1: 

(w k +*- w S / f c + Uw k + i+ Vwk + Awk+*+ B / = 0, at m,n (3.2-2a) — — -ox —oy —OK —oy ' 

Stage 2: 

.k+1 k+K,, , „k44 „ k+1 . k++ _ k+1 „ ,, - , (w - w )/1T + Uw + Vw + Aw '+ Bw = 0, at m,n (3.2-2b) — -rex -oy -ox —oy 

T 
where w at m,n denotes [u , v , Ç > 

1 m,n' m,n' ^m,nJ 

w„ v at m,n denotes (w ,, -w , )/Ax > — ° x —m+|,n —m-t,n' 

and w n v at m,n denotes (w ,,- w „ i)/Ay • —°y —m,n+i —m,n-t" 

For nonlinear SWE another method has been proposed by Fairweather and Navon 
[4]. I f t h i s method i s applied to (3.2-1) then i t also y i e l d s (3.2-2). 
A s i m i l a r method for a non-staggered g r i d has been described by Gerritsen [ 5 ] , 
The methods of Gustafsson [8] and Fairweather and Navon [4] are uncond i t i o n a l ­
l y stable when they are applied to (3.2-1). 

The FDM (3.2-2) i s unc o n d i t i o n a l l y stable but i s not very e f f i c i e n t because of 
the non-staggered g r i d . The s o l u t i o n contains spurious roots as explained i n 
section 3.1, and the structure of the I m p l i c i t equations i s such that the 
method f or the s o l u t i o n of l i n e a r equations should be chosen c a r e f u l l y i n 
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order to prevent the a m p l i f i c a t i o n of rounding err o r s . 

If U2+ V 2 < gH the advection terms given by Uu^ and VWy need not be approxi­
mated by the same method as Aw and Bw . P r a c t i c a l l y the same accuracy can be 
obtained by a s l i g h t l y d i f f e r e n t approximation of the advection operator. In 
that case a more e f f i c i e n t staggered g r i d can be applied. If the time-discre­
t i z a t i o n of the advection operator i s d i f f e r e n t from the t i m e - d i s c r e t i z a t i o n 
of the other part of the d i f f e r e n t i a l operator, the r e s u l t i n g l i n e a r equations 
can be solved very e f f i c i e n t l y . An example of such a composite FDM has been 
proposed by El v i u s and Sundstrom [3]. 

b. E l v i u s and Sundstrora's method 

This method i s based upon the gri d of figure (3-3). 

Timesteps k, k - 1, 2,... Timesteps k + i , k - 1, 2,... 

n + l i ; u C n + 1 v 

n + $ v v n + i u C u 

n C u C n v 

m m+i m+1 • •** m + 1 

f i g u r e (3-3) E l v i u s and Sundstrom g r i d . 

t L n i f .c much as for the for t h i s g r i d the number of g r i d function values Is halt 
non-staggered g r i d of figure (3-1). 
The E l v i u s and Sundstrom method i s a combination of the mid-point ru e, see 
Lambert [12], and the trapezoidal r u l e . If the ADI oertubation of the trape­
z o i d a l rule i s not taken into account t h e i r method i s given by. 

u +Uuv +VTTX +gft -0, at nH4,n,k+i and (m.n+j, k) (3.2-3a) 
ot ox oy ox 

v + V v x + U v 7 „o, at .,«+*. k"4 and (m+1. n, k) (3.2"3b) 
ot oy ox oy 
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C +UC7 +VC* +HU1 +Hvt = 0, at m, n, k and m+i, n+j, k+i (3.2-3c) ot ox oy ox oy 

— t k+4 k-} where: u at m,n,k denotes \(a + u ) 
m,n m,n 

and if*" are defined i n the same way as u* 

, k-4 k-4 , u o t at m.n.k denotes ( u m > n - u m > n ) / T 

V and C are defined i n the same way as u ot *ot ' ot 

—x k k u at m,n,t denotes i ( u + u ) m+t,n m—},n 

—y k k u at m,n,k denotes \ (u + u ,) and m,n+f m,n—} 

v v 7 , C and C are defined i n the same way as u and i r 

The s t a b i l i t y c o ndition of (3.3-3) i s given by: 

x/Ax max ( |u | , | V | ) < 1 (3.2-4) 

This method i s more e f f i c i e n t than (3.2-2) because of the less complicated 
l i n e a r equation and the decreased number of gr i d function values by a f a c t o r 
of 2; for many p r a c t i c a l a p p l i c a t i o n s , the s t a b i l i t y condition given by (3.2-
4) i s not too r e s t r i c t i v e . Yet a f u l l y staggered g r i d w i l l allow even more 
e f f i c i e n t methods. A very well-known example i s the following method: 

c. The method of Leendertse 

The Leendertse [14] method i s probably the most widely used method i n c i v i l 
engineering a p p l i c a t i o n s , many of which have been reported. See Leendertse et 
a l . [15]. It i s part of a computer modelling system described by Leendertse et 
a l . [16]. 

The method i s based upon a f u l l y staggered g r i d as given by figure (3-4). 
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n + 1 C u C 

n + i v v 

n c u C 

ra m+i m+1 

Figure (3-4) Grid of the Leendertse method 

Ap p l i c a t i o n of t h i s method to (3.2-1) y i e l d s : 

Stage 1: 

[0] Vt-i [0] _ k P. I - u , c = C ; f° r P i p : 

( u t P L u ^ ) / T + U u ^ + V ^ i g ( C t P ,
+ C M ) 0 X = 0, at m+i,n (3.2-5.) 

( C [ P , - C k ) / H • < 7 + H u 0
P l t Hv k

y=0, at m.n 

k+i [P] k+i [P] u = u , C - C 

Stage 2: 

[0] k [0] _k+i. v = v , C " C ; f o r p - 1, P: 

t , h V j /x + W * ? ^ + t g ( C I P V ) o x= 0, at m,n+i 0.2-50 oy ox 
[p] k+| ,, "k+T* [ p - l ] y „ k+i [p]_ „ n (3.2-5d) (C "C ) / l t + UC o x + VC^y + Hu Q x + Hv o y - 0, at m,n 

k+1 [P] k+1 ..[P] 

where u * = | ( u [ p ~ 1 ] + u*"*) and 

+ , , [p-1], k. v = i (v r + v ). 
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Note that Leendertse [14] reports a s l i g h t l y d i f f e r e n t approximation of the 
advection part based upon the work of Grammeltvedt [7], but to explain the main 
ideas of Leendertse's method t h i s i s not relevant. 
Weare [20] has shown that t h i s scheme i s unconditionally unstable for P=l and 
can therefore be used only when s t a b i l i z i n g f r i c t i o n terms are included. Also, 
for P=2 t h i s scheme i s not l i k e l y to be stable because the RK2 method, which 
i s applied for thé time d i s c r e t i z a t i o n of the advection part, i s only condi­
t i o n a l l y stable and i t s s t a b i l i t y region does not contain any part of the 
imaginary a x i s , see figure (1-3). The scheme i s l i k e l y to be stable only for 
the case without s t a b i l i z i n g f r i c t i o n terms, i f i t i s "corrected to conver­
gence", see Lambert [121, p86. This may e n t a i l a large number of i t e r a t i o n s , 
which decreases i t s e f f e c t i v l t y . 

Benqué et a l . [1] claim that the ADI structure could decrease the accuracy 
considerably when large timesteps are applied. They propose a completely 
i m p l i c i t method based upon operator s p l i t t i n g , of which we w i l l give a very 
b r i e f review: 

d. The operator s p l i t t i n g method of Benqué et a l . 

The g r i d employed by t h i s method i s given by f i g u r e (3-5). 

n + 1 C C C 

n + I u,v u,v 

n C C C 

n - i u,v u,v 

n - 1 C C C 

m-1 m-i m m+| m+1 

Figure (3-5) Grid for method of Benquë et a l . [1] 
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This method consists of the fo l l o w i n g steps: ( i ) the advection step, ( i i ) the 
d i f f u s i o n step and ( i i i ) the propagation step. 
When t h i s method i s applied to (3.2-1) we only need the advection step and the 
Propagation step. For the d e f i n i t i o n of these steps (3.2-1) i s s p l i t according 
to: 

w + Uw + Vw = 0 , (3.2-6a) 
t x y 

* * 
wt + Awx + Bwy = 0 . (3.2-6b) 

Afte r t h i s the advection step i s performed by approximating (3.2-6a) by a 
s t a b i l i z e d c h a r a c t e r i s t i c i n t e r p o l a t i o n method as described i n chapter 2. 
During t h i s step the g r i d function values are calculated at the u,v points of 
figure (3-5). 

The propagation step implies the approximation of (3.2-6b) at the C points of 
figure (3-5). I f values needed for the evaluation of the FDM are missing, they 
are calcu l a t e d by I n t e r p o l a t i o n of g r i d function values at adjacent g r i d -
Points. 

B y e l i m i n a t i o n of the unknown values for u and v an I m p l i c i t set of equations 
r e s u l t s where the values for C are the unknowns. The method Is i m p l i c i t and 
because an AD I type of method i s not used the i m p l i c i t equations involve a l l 
gr i d points. The equations are solved by an i t e r a t i v e method based upon conju­
gate gradients. 

Aft e r the c a l c u l a t i o n of the C values, values for u and v at the "u,v" points 
are c a l c u l a t e d . Again missing values are calculated by i n t e r p o l a t i o n based 
upon values at adjacent g r i d points. 

Formally the s t a b i l i t y of t h i s method i s unconditional. However, we believe 
the advection step imposes a p r a c t i c a l timestep l i m i t given by: 

T Max ( | U | /Ax, |V | /Ay) < 2 (3.2-7) 

The reason for t h i s timestep l i m i t was discussed i n section 2.4. For steady-
state problems the timestep has to be chosen much smaller than (3.2-7) allows 
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i n order to avoid T dependent numerical v i s c o s i t y , see Roache [19] or sect i o n 
2.4. 

In view of (3.2-7) or the much more severe accuracy l i m i t for steady state 
problems the method does not seem to be very e f f e c t i v e (although e x c e l l e n t 
r e s u l t s for p r a c t i c a l problems were reported by Benque et a l ) e s p e c i a l l y i f 
one takes Into account the computational work needed to solve the f u l l y im­
p l i c i t propagation step. An approximation method for SWE completely based upon 
c h a r a c t e r i s t i c s has been given by Daubert et a l . [2]. 

Of the methods just considered, the Leendertse method seems to be the most 
e f f i c i e n t , because of the f u l l y staggered g r i d and the simple i m p l i c i t equa­
t i o n s . Another advantage i s the widespread experience with t h i s method for 
p r a c t i c a l a p p l i c a t i o n s . Disadvantages are ( i ) formal i n s t a b i l i t y because of 
the approximation of the advection operator, ( i i ) second order accuracy i s ob­
tained only i f P > 2, ( i l i ) stable r e s u l t s could imply a large number of 
i t e r a t i o n s , which decrease the e f f i c i e n c y . 

3.3 On the s t a b i l i z a t i o n of Leendertse's method 

In t h i s section we propose two possible s t a b i l i z a t i o n s of the Leendertse 
method, c a l l e d Ml and M2. The f i r s t method, Ml, i s based upon the same s p a t i a l 
d i s c r e t i z a t i o n as has been used for (3.2-5) and Is given by: 

at m-4, n (3.3-la) 

at m,n+i (3.3-lb) 

at m,n (3.3-lc) 

For the approximation of the advection operator we propose the two stage 
Angled-Derlvative method given by (2.1-7). This y i e l d s the fo l l o w i n g approxi­
mation method for (3.0-1): 

u + Uu* + Vu 7 + gC - 0, t ox oy ox 

v + + Uv* + gC = 0, 
t oy ox oy 

C + UC"* + V£ y + Hu + Hv = 0, t ox oy ox oy 



- I l l -

Method Ml: 
Stage 1: 

(u k + }-u k ) / H+Uu k
o c+Vu^+ g C

k ^ = 0, at mH.n (3.3-2a) 

(v k + i-v K)/|T+Vv k
y^+Uv k^+gC k

y= 0, at m.n+i (3.3-2b) 

( C k + l ^ k ) / H + U C k
x + v c^+Hu^+Hv^- 0, at m,n (3.3-2c) 

Stage 2: 

( u k + 1 - u k ^ ) / i x + U u _ k + 1
+ V u k

y ^ + g C k ^ = 0, at m+l,n (3.3-2d) 

( v
k + L v ^ ) / i T + V v + ^ + 0 v ^ l ^ k + l = Q > a t m ) n + j ( 3 . 3 _ 2 e ) 

( C k + 1 < k + i ) / H + U C k : ,
+ V C k ^ + H u k

x ^ + H v o
k ; 1 - 0, at m,n (3.3-2f> 

where: u at m,n denotes (u ' -u )/Ax, 
~™ m+l,n m,n 

u at m,n denotes (u -u )/Ax, 
- x ra,n m-l,n 

u at m,n denotes (u -u )/Ay, 
+y ra,n+l ra,n 
u at m,n denotes (u -u )/Ay, 
~y m,n m,n-l 

a n d va»,» v > C., C , v x , v , C and C are defined accordingly, •rx -x +x —x +y —y +y —y 
The equations (3.3-2a) and (3.3-2c) are coupled i m p l i c i t l y . I f the evaluation 
°f the g r i d function values concerning these equations s t a r t s at the row with 
the lowest number of n, the f i r s t stage of the Angled Derivative method i s 
e f f e c t i v e l y e x p l i c i t as the c a l c u l a t i o n proceeds i n the increasing n d i r e c ­
t i o n . 
f o r the same reason the evaluation of (3.3-2b) has to st a r t at the lowest 
number for m, of (3.3-2e) and (3.3-2f) at the lowest number for m, and (3.3-
2 d ) at the lowest number for n. If these simple rules are Implemented, (3.3-2) 
constitutes an e f f e c t i v e l y p a r t i a l l y e x p l i c i t , and p a r t i a l l y i m p l i c i t , hence 
very e f f i c i e n t FDM. The s t a b i l i t y conditions for (3.3-2) are given by: 

Ux/Ax > -1 

Vx/Ay > -1 

(3.3-3) 
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This i s due to the CFL condition for the advection operator as has been ex­
plained i n section 2.2. 

Method Ml i s second order accurate; the accuracy i s comparable to the E l v i u s 
and Sundstrom method and the s t a b i l i t y condition (3.3-3) i s equivalent to 
(3.2-4). The e f f i c i e n c y i s doubled, however, because (3.3-2) needs half as 
much g r i d function values as (3.2-3) and the t r i - d i a g o n a l structure of the im­
p l i c i t equations i s s i m i l a r for both methods. 

Method Ml Is an improvement over the Leendertse method given by (3.2-5) as 
w e l l because i t e r a t i o n s of the i m p l i c i t equations to increase the s t a b i l i t y 
are not necessary. 

In section 3.4 i t w i l l be argued that the Cauchy-problem for (3.3-2) i s uncon­
d i t i o n a l l y s t a b l e . 
As w i l l also be shown i n section (3.4) that t h i s method has eigenvalues only 
on the unit c i r c l e . Hence, the method i s n o n - d i s s i p a t i v e . This might cause 
spurious wiggles because of the advection operator approximation. Also (3.3-3) 
could be too r e s t r i c t i v e for several possible a p p l i c a t i o n s . The advection FDMs 
of chapter 2 allow a large number of possible advection operator approxima­
t i o n s , however. 
The second s t a b i l i z a t i o n of the Leendertse scheme that we propose (method M2) 
i s based upon approximation of the advection operator by the Crank-Nicolson 
scheme given by (2.1-5) and the d i s s l p a t i v e reduced phase error scheme given 
by (2.1-11). To keep the numerical d i s s i p a t i o n as small as possible, only Vu v 

and Uv x w i l l be approximated by t h i s l a s t method, although (2.1-11) Introduces 
only a fourth order d i s s l p a t i v e term. The r e s u l t i n g scheme i s given by: 

Method M2: 
Stage 1: 

k+i k k x k k+1 (u -u.)/fc + U u o x + S o y(V,u ) + g r Q x = 0, at m+|,n (3.3-4a) 

k+i k fc+iy k+1 k 
(v -v )/H+Vv o y + S^dJ.v ) + gC o y= 0, at m,n+| (3.3-4b) 

k++ k Tc+T^ y k+i k 
(C < )/H + UC Q X + VCoy + Hu Q X + Hv Q y= 0, at m.n (3.3-4c) 
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Stage 2: 

; " ox + s + y ( v , u ) + g C o x - 0, at m+i,n (3.3-4d) 

, k + 1 k + i ~k+iy i . i 
(v -v + Vv } + c fn

 k+K k + i 
„rt + V v o y + S o x(U,v ) + g C o y = o, at m,n+i (3.3-4e) 

k+i k++ ,3+?*. J t + r y k+i k+i 
* >'t» + U C o y + VC o y + Hu o x

J+ Hv o y'= 0, at m,n (3.3-4f) 
where: 

s (V,u) at ra,n denotes V(u „+ 4u -4u -u )/12Ay and 
°y ra,n+2 ra,n+l m,n-l m,n-2 

S (V,u) at m,n denotesJ 
+y 

V( 3u - 4u ,+ u 0)/2Ay i f V > 0 ra,n m,n-l ra,n-2 

V(-3u + 4u ,- u ,)/2Ay i f V < 0 ra,n ra, n+1 m, n+2 

The functions (U,v) and S + x(U,v) are defined accordingly. 

The I m p l i c i t equations that r e s u l t from (3.3-4) are a l l t r i - d i a g o n a l If they 
s t a r t at the proper row or column number depending on the sign of U or V. 
We w i l l deal with the boundary treatment i n chapter 4 where (3.3-4) w i l l be 
extended to an approximation method of the nonlinear SWT.. 

2-4 S t a b i l i t y analysis of s t a b i l i z e d versions of Leendertse's method 

In t h i s section we study the G-R s t a b i l i t y of (3.3-2) and (3.3-4). The s t a b i l ­
i t y of the Cauchy problem w i l l be studied, i n fact only the Von Neumann condi-
t i o n . 
V e r i f i c a t i o n of the G-R condition for i n i t i a l - b o u n d a r y value problems i s 

j sM..j TUg, fheorv of Godunov and probably not only very complex but a l s o not defined, me cneoiy 
Ryabenki [6] or of Krelss et a l . [11] has been developed only for problems 
with one s p a t i a l dimension. A recent paper of Michelson [17] Is perhaps the 
f i r s t to extend t h i s theory to multidimensional problems. 

For i m p l i c i t methods we usually try to prove unconditional s t a b i l i t y . In order 
to s i m p l i f y the s t a b i l i t y a nalysis we f i r s t give a few d e f i n i t i o n s and lemmas. 
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D e f i n i t i o n (3.4-1): 
If A i s a matrix with complex-valued e n t r i e s then i t s adjoint A i s 

H 

defined by a j i ' w n e r e t n e o v e r D a r denotes the complex conjugate. 

D e f i n i t i o n (3.4-2): 
If A i s a matrix which has the property that I t commutes with I t s a d j o i n t , 

H M 

i . e . A A = AA , then A i s c a l l e d a normal matrix. 

D e f i n i t i o n (3.4-3): 
H H 

If A i s a matrix for which A A = AA « 1 , where I denotes the i d e n t i t y matrix, 
then A i s c a l l e d a unitary matrix. 
Lemma (3.4-1): 

H — 1 
If A i s a normal matrix then A A i s a unit a r y matrix. r , H -1. , H -1,H H -1 -H H , H -1 H, H -1 proof: (A A )(A A ) = A A A A = A (A A) A = A (AA ) A H -H -1 = A A A A - I . 
Lemma (3.4-2): 
If the matrices A and B are unitary 
unitary matrix. 

_ , . , ,H H H proof: (AB) (AB) = ABB A = I 

matrices then the matrix AB i s also a 

Lemma (3.4-3): 
The eigenvalues of unitary matrices are on the unit c i r c l e , 
proof: (Aw, Aw) » (A Aw,w) » (w,w) Vw, where w denotes an a r b i t r a r y vector 

- |\| - 1 

The lemmas given above are simple and given i n almost any introductory mono­
graph on l i n e a r algebra. 

To study the s t a b i l i t y of the Cauchy problem for (3.3-2) we look at sol u t i o n s 
of (3.3-2) which have the form: 

~k ~k ~k T "k "k "k T i(a,mAx + a„nAy) , 
[um,n> vm,n> Zm,j " 1« t v , C ] • 1 2 (3.4-1) 
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where o^, are r e a l numbers. 

Su b s t i t u t i o n of (3.4-1) i n t o (3.3-2) leads to: 

; k + 1 = A"1 B C"1 D wK = Gwk (3.4-2) 

where 0̂  = [ u, v, C ] T a n d G = A ' B C ' D i s the we l l known " a m p l i f i c a t i o n 
matrix", see Richtmyer and Morton [18]. 

The matrices A, B, C and D are given by: 

1+a 

C = 

1+b 

2 ox 

i+a 

" K y 

1+b 

82°oy 

i+a 

g!°ox 

0 

1+b 

i+b 

2 ox 

1+a 

1+b 

_ g T Dox 

1+b 

0 

1+a -goB, 2 oy 
•X" 

1+a 

where: a - [ 1-cos (oj Ax) + i s i n ( 0 j Ax)], 

b = V [1 - cos ( o 2 Ay)+ i s i n ( a 2 Ay)], 

D Q X = i s i n (o, } Ax) / ( i Ax), 

D Q y = i s i n ( o 2 i Ay) / ( i Ay) and 

a, b denote the complex conjugates of a and b. 

S t a b i l i t y of the Cauchy problem i s ensured i f || G k || i s bounded V k. 
To v e r i f y t h i s we write G i n the following form: 
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G = AA !A 1 AA 1 B AA 1 C *AA 1 DAA _ 1 

A (A LAA) 1 (A *BA) (A _ 1CA) 1 (A 1 DA )A 1 

AA' 1 B' C'"1 D'A 1 (3.4-3) 

where A 
0 
0 and consequently: 

1+â 

1+a 2 '8" V 

2 Doy 1+a 

1+b 
0 \ /gH Dc 

1+b 

\ /gH D o x 0 1+b 

D' = A'" and B* - C , H 

Hence G can be wri t t e n as: 

G - AA'"1 C'" C'"1 A'HA _ 1 (3.4-4) 

Equation (3.4-4) implies the fo l l o w i n g r e l a t i o n : 

G K ||<||A A'"1 || ||C'H C'"1 A*H A'"1 
k-1 

|A'H A" 1 (3.4-5) 

H — 1 H — 1 
It i s easy to see that A* and C' are normal, hence C' C' and A* A' are 
unit a r y . 
From t h i s and from (3.4-5) i t follows that: 

GK||<||A A'"1!!!^" A" 1 II, V k (3.4-6) 

which proves the s t a b i l i t y of the Cauchy problem for (3.3-2). 

The eigenvalues of G are on the unit c i r c l e , as can be seen as follows: 
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G' = A' A 1 GAA' 1 = C'H C' 1 A'" A' 1 (3.A-7) 

Because A' A Is a s i m i l a r i t y transformation i t follows that G' and G have 
the same eigenvalues. G' i s a product of two unitary matrices which means, 
according to lemma (3.4-2), that G* i s also a unitary matrix. According to 
lemma (3.4-3) G* has eigenvalues on the unit c i r c l e which means that the 
eigenvalues of G are also on the unit c i r c l e . 

The a m p l i f i c a t i o n matrix of (3.3-4) can be written In the form of (3.4-3) 
with: 

1 2 ̂ H Doy 

0 | / g H D o y 1+fV D l y •|vgH 5c 

-p/gH Dc 

0 

D l x 

C' 

y 8 H Do ° l x 

D' = 

oy 

"jVgH D oy 

0 - V g " D 1-?* D 2" " l y 

where D J x = i s i n (oj Ax)/Ax, 

Dj = i s i n ( a 2 Ay)/Ay, 

a' = 1 + |u D l x + \ V S + y 

b- - 1 - \ V D l y - § U S o x, 

1 + 7 v D l y + 7 U S+x> 

1 " 7 U D l x " 7 V Soy' 
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= [(1 - cos 0| Ax) + i s i n Oj Ax (2-cos Oj Ax)]/Ax, 

S Q X » l s i n Oj Ax (2 + cos o~j Ax) / 3Ax, 

2 

S + y = [(1 - cos o 2 Ay) + i s i n o 2 Ay (2 - cos o 2Ay)]/Ay and 

S o y = i s i n a 2 Ay (2 + cos a 2 Ay)/3Ay. 

S i m i l a r to (3.4-5) the following r e l a t i o n holds: 
||Gk|l<||A A'"1!! ||B- C'"1 II k II D' A ' - ' l f " 1 ! ! D A _ 1 II (3.4-8) 

Hence, for s t a b i l i t y of (3.3-4) i t i s s u f f i c i e n t that 
|| B* C'~ ||<: 1 and || D' A'_1||<; 1 . 
To prove t h i s we write D' and A' i n the following p a r t i t i o n e d form: 

, D' = (3.4-9) 

where: 

A' 
ï/gH D oy 

2 D o y 

1+T V D 

" I ^ H Doy 

2 ^ H Doy l " l V D iy 

I t follows that D' = A' or: s s 

d'/a' 
D' A ,,H .,-1 

With lemma 3.4-1 i t follows that 
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|| D* A , - 1||< Max ( |d'/a*|, 1) (3.4-10) 

Because |d'/a'| < l , as can e a s i l y be v e r i f i e d , i t follows that || D'A,_1|| < 1. 

S i m i l a r l y one can prove that || B' C ^ 1 < 1, which completes the proof of the 
s t a b i l i t y of (3.3-4) for the Cauchy problem. 

3.5 An aspect of the accuracy of API schemes for shallow water equations 

If advection terms are omitted then every scheme described i n t h i s chapter, 
except (3.2-6), which concerns the method of Benque et a l [1], Is an ADI per-
tubatlon of the Crank-Nicolson scheme. This means that the wave propagation 
properties are given by figure (2-1) for Cf < 4, and by figure (3-6) for 
Cf < 20. I f these figures are applied to SWE the Courant number Cf i s defined 
by: 

Cf = x /gH / Ax (3.5-1) 

Note that for 2-D problems the Courant number i s defined as 

Cf = x/gH ( — J + -Tj> • 
Ax Ay 

For the c a l c u l a t i o n of the wave propagation properties a uniform depth and an 
i n f i n i t e s p a t i a l domain i n a l l d i r e c t i o n s has been assumed. For p r a c t i c a l 
a p p l i c a t i o n s t h i s i s never the case. Benque et a l [1] show that ADI schemes 
for geometries with a non-uniform depth badly represent the flow patterns f o r 
very large timesteps. (Cf - 96, see Benque et a l . [1]). We w i l l now give an 
explanation of t h i s phenomenon for complicated geometries. 
Consider for example the geometry of figure (3-7). Suppose that a large 
Courant number i s used, such that from an a n a l y t i c a l point of view point P 
should be contained w i t h i n the region of influence of Q and vice versa w i t h i n 
one timestep. The a n a l y t i c a l regions of influence are the c h a r a c t e r i s t i c cones 
of P and Q. The numerical region of influence of point P during one complete 
timestep, however, i s the shaded area of figure (3-7), which does not contain 
Q. Although t h i s does not cause i n s t a b i l i t i e s , inaccuracies are to be ex­
pected. 
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Figure (3-7) Example of complicated geometry. 

To Increase the accuracy the timestep has to be chosen such that with one 
timestep, also a n a l y t i c a l l y there i s no influence from P onto Q and vice 
versa. Another example of t h i s possible inaccuracy i s the "zig-zag" channel of 
figure (3-8). | + \ 

P -

Figure (3-8) "zig-zag" channel 

numerical region of influence during one 
/ IcimeHtep 

The shaded area of figure (3-8) involves only two gri d spacings. This means 
that f o r Courant numbers larger than two the numerical s o l u t i o n must be inac­
curate for t h i s example. 
We believe that the inaccuracies as observed by Benquë et a l . ril are for a 
s i m i l a r reason. 
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Generally speaking, phenomena of t h i s kind l i m i t the maximum timestep of ADI 
schemes. For t h i s reason Benque et a l . [1] propose a f u l l y i m p l i c i t scheme 
without ADI stru c t u r e . The timestep l i m i t a t i o n due to the advection step of 
t h e i r method i s probably even more r e s t r i c t i v e than the r e s t r i c t i o n s due to 
the ADI s t r u c t u r e . Also taking into account the increased computational e f ­
f o r t , with respect to both storage and computing time, required by the i t e r a ­
t i v e method to solve the f u l l y I m p l i c i t equations, i t i s questionable i f t h i s 
method i s e f f i c i e n t compared with an ADI method, despite smaller tlmesteps 
needed i n the l a t t e r case for accuracy. 

3.6 Concluding remarks 

1. The use of staggered grids i s found to be very e f f e c t i v e for the d i s c r e ­
t i z a t i o n of the SWE. If advectlve terms are omitted then the accuracy i s 
the same as for a f u l l y non-staggered g r i d ; the number of g r i d points 
however has been reduced by a factor of 4. Moreover, the use of staggered 
grids reduces the p o s s i b i l i t y of spurious "2Ax waves". 

2. For complicated geometries the maximum timestep for an ADI scheme i s l i m ­
i t e d because of accuracy. The timestep must be chosen such that w i t h i n one 
timestep the domain of dependency of a point i s included In the numerical 
domain of dependency. Within one timestep, an ADI scheme does not always 
include the complete domain as numerical domain of dependency. This i s an 
e s s e n t i a l difference with the unpertubated Crank-Nicolson scheme.-

3. The "Angled Derivative method" and the t h i r d order reduced phase e r r o r 
method of chapter 2 are e f f i c i e n t methods for s t a b i l i z i n g the Leendertse 
scheme. The Angled Derivative method i s more e f f i c i e n t , but the s l i g h t l y 
d i s s i p a t i v e character of the reduced phase error method propably makes the 
method more robust. Computational experiments with nonlinear SWE showed 
that the l a t t e r method increases the computational overhead less than 6 
percent compared with the unconditionally stable Angled Derivative method. 
In fact with the methods described i n chapter 2 i t i s possible to s t a b i l i z e 
the Leendertse method i n many ways. Which p o s s i b i l i t y i s most s a t i s f a c t o r y 
for p r a c t i c a l problems remains a question that can be answered only by 
p r a c t i c a l experience. 
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_4 A f i n i t e d i f f e r ence method for nonlinear shallow water equations 

4.0 Introduction 

In t h i s chapter we describe a nonlinear extension of the l i n e a r FDMs of the 
preceding chapters to the nonlinear SWE given by: 

u t + uu x « v u y - fv * gCx+gu ( u 2 4 v V / ( C 2 H ) - v ( u x x + u y y ) = F ( x ) (4.0-1.) 

v + w + uv + fu +gCw+ gv (u 2+v 2) J/(C 2H)- v ( v x x + v y y ) - F ( y ) (4.0-lb) c y x y 

C + (Hu) + (Hv) - 0 (4.0-lc) t x y 

where: u • v e l o c i t y i n x d i r e c t i o n , 
v =- v e l o c i t y In y d i r e c t i o n , 
C - waterelevation above some plane of reference, 
h = waterdepth below some plane of reference, 
H - h + C - t o t a l waterdepth, 
f = c o r i o l l s parameter, 
g P a c c e l e r a t i o n due to gra v i t y , 
C - Chezy c o e f f i c i e n t for bottom roughness, 
F ( x V) . external f o r c i n g functions of windstress or barometric 

pressure 
and v - v i s c o s i t y c o e f f i c i e n t . 

In order to make a choice for a FDM, we adopt the following c r i t e r i a : 

1. The numerical s o l u t i o n should be s u f f i c i e n t l y accurate. Hence, the method 
should be consistent to a s u f f i c i e n t order and stable. According to p r a c t i ­
c a l experience second order accuracy i s s a t i s f a c t o r y . I t i s also necessary 
. i » . , , „.„„ nni- greatly Influenced by spurious solutions that the numerical s o l u t i o n i s noc gi<=<"-'/ * r 

and rounding e r r o r s . 

2. The method should be robust. In our case t h i s means that the method should 
be applicable to a wide range of p r a c t i c a l 2-D flow problems i n c i v i l 
engineering such as t i d a l problems i n coastal seas and estuaries with t i d a l 
f l a t s , model problems In t i d a l flumes, or steady state problems i n r i v e r s . 
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3. The method should be computationally e f f i c i e n t . E f f i c i e n c y should not be 
obtained at the cost of robustness, so robustness has a higher p r i o r i t y . 

4. The numerical treatment of the boundary conditions should be such that the 
o v e r a l l accuracy and e f f i c i e n c y are not greatly decreased. 

Robustness excludes the use of e x p l i c i t methods. The FDM given by (3.3-2) has 
moderate s t a b i l i t y conditions and i s very e f f i c i e n t . Nevertheless we choose a 
nonlinear extension of (3.3-4) for the numerical approximation of (4.0-1), 
even though a nonlinear extension of (3.3-2) would be twice as e f f i c i e n t per 
timestep. This Is because of the robustness of (3.3-4), which has been demon­
strated by extensive numerical t e s t i n g . 

In the f i r s t s ection we discuss a few general aspects of nonlinear extensions 
of l i n e a r FDMs. The main ideas w i l l be I l l u s t r a t e d by means of a simple non­
l i n e a r equation. 
In section 2 we propose a FDM for the approximation of (4.0-1). This choice Is 
based p a r t l y on the r e s u l t s of the in v e s t i g a t i o n s described i n the preceding 
chapters and p a r t l y on extensive t e s t i n g with p r a c t i c a l problems. The approxi­
mation of each term of (4.0-1) i s discussed separately. For b r e v i t y we des­
cribe only the r e s u l t s of these t e s t s . 
Sections 3 and 4 deal with the numerical approximations of (4.0-1) near the 
boundaries. The boundary approximations are based upon a h e u r i s t i c p r i n c i p l e 
described i n section 3. This section also describes the boundary treatment 
near closed boundaries. Section 4 i s devoted to open boundaries. 
In section 5 the numerical treatment of t i d a l f l a t s Is discussed. A l l I m p l i c i t 
equations are t r i - d i a g o n a l , as w i l l be shown In section 6, and can be solved 
by a simple recursive algorithm. In section 6 t h i s well-known algorithm w i l l 
be described b r i e f l y . I t i s v e r i f i e d that the structures of the I m p l i c i t 
equations are such that rounding errors remain bounded. 

4.1 On nonlinear extensions of l i n e a r f i n i t e d ifference methods 

F i r s t we w i l l discuss some aspects of nonlinear extensions of l i n e a r FDMs by 
means of the i n v l s c i d Burgers' equation: 
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u t + ( i u \ = 0, 0 < x < 1, t > 0 (4.1-1) 

This equation i s "conservative". This means that, for homogeneous boundary 
conditions at x-0 and x=l, the following r e l a t i o n holds: 

where 

||u||2 - ƒ u 2 dx 
o 

Consider a semi-discrete numerical approximation of (4.1-1) given by: 

(u ) + u (u ,-u ,)/2Ax = 0, m=l M-l (4.1-3) 
m t m m+1 m-l 

This equation can be considered as a nonlinear extension of the following 
l i n e a r f i n i t e d ifference scheme: 

(u ) + U <„.. - u J / 2 A X = 0 (*•!-*> m t m+1 m-i 

where U i s a constant. 
Equation (4.1-4) i s the so-called "frozen c o e f f i c i e n t " equation associated 
with (4.1-3), which i s obtained by assuming that the c o e f f i c i e n t u r a of (4.1-3) 
Is a constant, tt- • 0. 
The FDM (4.1-3) i s by no means the only possible nonlinear extension of (4.1-
4). Consider f o r example the following semi-discrete FDM: 

, 1 / j. ,i + n . 1 then we also obtain (4.1-If we "freeze" the c o e f f i c i e n t -j ( u ^ j + " m + um+l ; 

i . „^norffpi! of (4.1-3) and (4.1-5) are the same. 4). This means that the l i n e a r properties oi > 
The nonlinear properties, however, are d i f f e r e n t . The FDM (4.1-5) i s conserva­
t i v e , c f . Kreiss and O l i g e r [14] p. 62. This means that for (4.1-5) the f o l ­
lowing r e l a t i o n holds for homogeneous boundary conditions: 

(4.1-6) 
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where || u|| & x = {\ ' Ax 
o 

To obtain a numerical s o l u t i o n , also a d i s c r e t i z a t i o n i n time w i l l have to be 
defined. For (4.1-3) we consider the following t i m e - d l s c r e t l z a t l o n : 

, k+1 k., . , k k+1 , k+1 k „ f i , « (u - u )/x + i u u + tu u = 0, at m V4.1-/J ox ox 

where u o x i s defined as for (3.2-2). 
This FDM i s l o c a l l y l i n e a r and consequently the s o l u t i o n can be obtained 
without the a p p l i c a t i o n of an I t e r a t i v e method to solve nonlinear equations. 

For (4.1-5) we consider the following conservative d i s c r e t i z a t i o n i n time: 

, k+1 k., 1 ... k + l N 2 , k+1, k+1 k 2, k, k x , 
(u - u )/x+jr {[(u ) ] o x+ u (u ) o x+F(u ) ] o x+ u (u ) o x } = 0, at m 

(4.1-8) 

Both (4.1-7) and (4.1-8) are nonlinear extensions of the same "frozen c o e f f i ­
c i e n t " equation given by: 

( u k + 1 - u k ) / x + i U ( u k + I ) + J U ( u k ) - 0 (4.1-9) m m ! m ox ' m'ox 

The s t a b i l i t y of (4.1-9) i s s u f f i c i e n t for the convergence of (4.1-7) and 
(4.1-8) i f the s o l u t i o n of (4.1-1) i s s u f f i c i e n t l y smooth, c f . Richtmyer and 
Morton [20], p. 127. In general, however, the s t a b i l i t y of the frozen c o e f f i ­
cient equation i s only a necessary o n d l t l o n , see Ollger and Sundstrom [19]. 
The s t a b i l i t y of (4.1-8) can be proven by the energy method. This means that 
for homogeneous boundary conditions, c f . Richtmyer and Morton [20] p. 142 or 
Kreiss and Oliger [14] p. 62, the following r e l a t i o n can be proven: 

l l u k H Ax - H a l l u x V k ( 4 - 1 " 1 0 ) 

where ||u k|| A x - [ Z ( u ^ ) 2 ] ^ Ax and u° i s the i n i t i a l value of u. 
m 

Because of (4.1-10), (4.1-8) seems a safer approximation of (4.1-1) than (4.1-
7). The s o l u t i o n of (4.1-8) requires an i t e r a t i v e algorithm, while (4.1-7) can 
be solved d i r e c t l y . Moreover, the s o l u t i o n of (4.1-8) i s not necessarily a more 
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accurate approximation of (4.1-1) than the s o l u t i o n of (4.1-7) despite the 
conservation property (4.1-6). To i l l u s t r a t e t h i s point we consider the i n i ­
t i a l boundary value problem given by (4.1-1) with I n i t i a l and boundary condi­
t i o n given by: 

u (x,0) = x, u(0,t) =0, t > 0 (4.1-11) 

For t h i s case only one boundary condition at inflow Is allowed. 
The exact s o l u t i o n i s given by: 

u(x,t) = x/(l+t) (4.1-12) 

For the numerical approximation of (4.1-1) and (4.1-11) we define a g r i d with 
g r i d points (kx.mAx), k-0,...K, m=0 MAx = 1/M. 

We consider the numerical approximations (4.1-7) and (4.1-8). For both schemes 
the i n i t i a l and boundary conditions are given by: 

u° = mAx, m = 1 M, u* = 0, k = 0 k (4.1-13) 
m • • ' o 

In order to apply (4.1-7) and (4.1-8) at m=M we define a v i r t u a l g r i d function 
value by: 

u.k - 2 u.k - u k (4.1-14) TH-1 * "M UM-1 

The order of accuracy of both (4.1-7) and (4.1-8) i s determined by s u b s t i t u ­
t i o n into these equations of: 

u(mAx, k-t) - mAx/(l+kx) (4.1-15) 

From t h i s s u b s t i t u t i o n i t follows that (4.1-7) represents the exact s o l u t i o n 
of (4.1-1) and (4.1-11) without any err o r , while (4.1-8) i s a second order 
accurate approximation of (4.1-1) and (4.1-11) c l e a r l y i l l u s t r a t i n g that 
conservative FDMs do not always y i e l d more accurate approximations than non-
conservative FDMs, e s p e c i a l l y i f the boundary and i n i t i a l value conditions are 
such that the conservation property does not hold. 
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A p r a c t i c a l disadvantage of (4.1-8), despite i t s conservation property, i s 
that there i s no guarantee that the nonlinear equations have r e a l s o l u t i o n s . 
We w i l l i l l u s t r a t e t h i s point with a simple example. Suppose that f o r (4.1-13) 
M i s chosen as: M»l. Then by s u b s t i t u t i o n of (4.1-14) i n t o (4.1-8) we obtain, 
for k=l, the fo l l o w i n g equation: 

This simple quadratic equation has r e a l s olutions only i f the f o l l o w i n g r e l a ­
t i o n : 

i s s a t i s f i e d . This means that for i > 1 + /2 any i t e r a t i v e procedure to solve 
(4.1-16) that does not account for imaginary solutions does not converge. 
I t i s obvious that (4.1-7) always y i e l d s r e a l s olutions for any value of x f o r 
t h i s simple example. 

Which method i s most s a t i s f a c t o r y for " r e a l l i f e " a p p l i c a t i o n s remains a 
question that can be answered only by p r a c t i c a l experience. 

4.2 The f i n i t e d i f f e r ence method at the inner points 

For the l i n e a r FDMs described i n chapter 3 the c r i t e r i a formulated i n the 
intro d u c t i o n of t h i s chapter are s a t i s f i e d as much as possible by (3.3-4) 
because of: ( i ) complete g r i d staggering for optimal e f f i c i e n c y and mini­
mization of wiggles, ( i i ) u n c o n d i t i o n a l l y l i n e a r s t a b i l i t i e s for robustness, 
( i i i ) second order accuracy, ( i v ) d i s s i p a t l v i t y to increase robustness; t h i s 
d i s s i p a t l v i t y , however, i s small and does not decrease the accuracy. 
Therefore, i n t h i s section we propose a nonlinear extension of (3.3-4) f o r the 
approximation of (4.0-1). 
We w i l l only deal with the numerical treatment of the inner points. The t r e a t ­
ment near or at the boundary i s described i n the fol l o w i n g s e c t i o n s . 
The method of t h i s s e c t i o n has the fol l o w i n g general s t r u c t u r e : 

u\ + 1 - - - 0 1 t (4.1-16) 

T < 1 + /2 (4.1-17) 
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Stage 1 ( S I ) : 

[0] k w = w , 

Lj ( w [ p l , w [ p _ 1 ], „ k) = F j , p - 1, 2, .... P, (4.2-la) 

k+i [P] w » w 

Stage 2 (S2): 

[0] k+i w - w , 

L 2 (W [ P ], W[P"1], w k + i) - 2 2 , p = 1. 2 P (4.2-lb) 

k+1 [P] w = w 

where v_ denotes a vector of g r i d functions, Lj ^ f i n i t e d ifference operators 
and Fj^2 vector functions. 

We w i l l describe each term of our FDM separately and we w i l l elucidate each 
approximation. For convenience we repeat (4.0-1), omitting the nonhomogeneous 
part: 

u + uu + vu - fv + gC + gu (u 2+ v V / ( C 2 H ) - v ( u + u ) = 0, (4.2-2a) t x y X xx yy 

2 2 1 7 

v t+ vv y+ uv x+ fu + gCx+ gv (u +v )*/<C H)-v(v x x+ v y y ) = 0, (4.2-2b) 

C + (Hu) + (Hv) = 0. (4.2-2c) t x y 

The staggered g r i d that i s used i s defined by figure (4-1) or fig u r e (3-4). 
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n + 1 

n + i 

ra m+i m+1 

Figure (4-1) Staggered s p a t i a l g r i d 

I f we do not take Into account the i t e r a t i v e or predictor corrector procedures 
that w i l l be introduced l a t e r , then, at the inner points of the g r i d , each 
term of (4.2-2) i s approximated as follows: 

i ) : u t , at m+i, n: 

k+| k 
SI: (u - u ~)/\ T at m + }, n 

, k + 1 k + K 
S2: (u - u ) / i t at i + J, n 

(4.2-3a) 

b) : v t ; as u t , but at m, n+i (4.2-3b) 

c) : { J as u c, but at m, n (4.2-3c) 

d) : uu x; at m+|, n: 

W' u ^ . n C ^ H . n " " m - i > n ) / 2 ^ ( e x p l i c i t ) 

k+i k+1 k+1 
S 2 : VH.n^ra+H.n- « V j , , , ) / ^ ( i m p l i c i t ) 

(4.2-3d) 

This d i s c r e t i z a t i o n has been the subject of numerous numerical experiments 
c a r r i e d out by the author. Also such d i s c r e t i z a t i o n s as: 

S l : "ÏL.1 ( " l L . i l " " k i )/2Ax ( e x p l i c i t ) m+j,n m+H,n m-|,n 

k+1 k+1 k+1 
S 2 : um+i,n( um+lj,n- V } , n ' / 2 A x ( i m p l i c i t ) 

(4.2-3d') 

http://lL.il
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were tested. For f a i r l y large Courant numbers (4.2-3d) e s p e c i a l l y turned out 
to have better s t a b i l i t y properties than (4.2-3d'). Also more conservative 
approximations have been tested, see section 4.1, but these nonlinear approx­
imations were not less susceptible to I n s t a b i l i t y than (4.2-3d). Moreover, f or 
steady flow problems the conservative approximations introduce an increased 
amount of numerical d i s s i p a t i o n as was found by p r a c t i c a l experiments. 

e): Wy> at m, n+j: 

S i : v k «,<v!?*Lj,- v k + " ,)/2Av ( I m p l i c i t ) m,n+*v m,n+l* -i,n-+ -

S 2 : vm!U(vm!n+ir %t^ / 2 A* ( e x P l i c l t ) 

C4.2-3e) 

This approximation i s s i m i l a r to (4.2-3d). 

f ) : Jy, at m+},n: 

S 1 • vm+{ , n<um+i, n+2 + 4 um+}, n+1 " 4 u n r 4 , n-1 _ un+*, n-2 >' 1 2 A v 

( e x p l i c i t ) 

-k+j k+1 , k+1 k+1 . f =k+i 
( i m p l i c i t ) (4.2-3f) 

-k+i , , k+1 , k+1 k+1 -k+i _ v ^ i _(-3u_^ _+4u_ i l .^,~a^i „J.,)/2Ay, i f V $ ( B < 0 

'm+i,nv JUm+i,n'r*um+*,n+l V ( , n + 2 J 

„u -k+i , k+| k+1 k+} k+i 
W h 6 r e vm+},n- <vm,n+*+ vm+i,n+} + vm,n-{ + vm+l,n-

At stage 2 (4.2-3f) Is i m p l i c i t and Is approximately solved with 2 Iterations 
c f . section 2.3. 

g): uv„, at -,n+f: 

Sl:< 
t *J n v k + ' , - 4 v k + j + , + v k i n +.)/2Ax, i f u k

n + , > ri, n+; m,n+| m-l,n+| m-Z,n+t m.n-r-j 0 
( i m p l i c i t ) 

% , n + 4 ( - 3 V n + } + 4 C l n + r V
m t 2 , n + i > / 2 ^ . l f V n + 1 < ° •+.2-3g) 
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S2= C : + ! ( V ^ , n + i + ^ ) n + r 4 v - J > n + r v S > n + i ) / 1 2 A x 
( e x p l i c i t ) 

w h e r e "m,n+S= ' i l . n ^ . n + l V h n V i . n + l " 4 

This approximation Is s i m i l a r to (4.2-3f) but t h i s time the f i r s t stage i s 
I m p l i c i t . 

h) : - f v at m+|,n: 

S 1: - f v _ H ( i m p l i c i t ) m+f, n 

S2: as SI, which i s e x p l i c i t at t h i s stage 

1): fu at m,n+|: 

SI: f u k i t ( e x p l i c i t ) m, n+t 

=k+l S2: f UL ( I m p l i c i t ) tn, n+-j 

j): gu ( u 2 + v 2 ) V[C 2(C+ h)l, at m+},n 

«1, k + * r, k ^2
J.('"k•+^ ^ M / r r 2 uk ^ 

S K 8 V h n ^ V j . n ' + ( vm+|,n ) 1 7 ( Cm+i ,nHm+|, n ) 

S 2 : § "m+i.nl^o+i.n) + ( vm+},n ) 1 1 (Cm+|,nHm+i,n) 

k k k where H . . = HC j_i +C +h ,,+h ,) m+|,n m+l,n m,n m+j,n+j m+t,n—} 

This approximation Is i m p l i c i t at both stages. 

2 2 + 
k): gv (u +v ) /[C(C+h)l at m,n+|: 

SI: „ ..k+* f,.. k ^2J. ,=k ,2, ±,,„2 u k 
8 Vm,n+| t ( vm,n+i ) + 1 / ( Cm,n+i Hm,n+i ) 

c 9 . k+1 k+j .2 -k+1 ,2.i ( /„2 „k+i . 
S 2- 8 vm.n+it( vm,n+i) + ( um,n+P 1 / < C » . , * H V « H ) 

k . , k k where H \(£ ,,+r +h . i .,+h • , ,) m,n+f ! X Sm,n+l m̂,n m+J,n+l ,n+T 

(4.2-3h) 

(4.2-3i) 

(4.2-3J) 

(4.2-3k) 
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(4.2-34) 

This approximation i s s i m i l a r to (4.2-3J) 

1): -v (u +u ) at m+},n: xx yy 

SI: - v r f u k i ) +(u k,, ) 1 ( e x p l i c i t ) v u u m + i , n ; o x x vum+i,n-'oyyJ 

S2: - v r ( u k + ! ) +(ukT! ) ] ( i m p l i c i t ) v 11-um+!,n;oxxT''um+},n''oyyJ 

where: 

( u k , ) - ( u k . -2u k . +u k , )/Ax 2 

m+i,n oxx m+l},n m+|,n m-$,n 

k k k k - . 2 
( u

m + i , n ) o y y = (um+J, n+l _ 2 um+} .n^m+l, n-1 > / A y ' 

( u k + ! ) and ( u k + ! ) are defined accordingly. (-um+i,n;oxx a n a ^ m+i.n-'oyy 

The second stage i s i m p l i c i t . The i m p l i c i t part i n the y d i r e c t i o n i s solved 
i t e r a t i v e l y , s i m i l a r l y to v u y . For f a i r l y small values of « two i t e r a t i o n s are 
enough. I f not, i t i s probably preferable to change t h i s part of the d i s c r e ­
t i z a t i o n method, which Is very possible. 

m): -v (v +v ) at m,n+|: xx yy 

S i ! - v r C v k + i 1 + f v k + * ,) 1 ( i m p l i c i t ) S l i v l ( v m , n + i ) o x x + ^m.n+royy 1 

S2: as SI, which i s e x p l i c i t at t h i s stage 
(4.2-3m) 

where: 

tvginw ( ^ ; ) n + r 2 v k ; n + i + v k : 5 > n + i ) / A x 2 

k+i k+1 k+i k+i . 2 
( vm, n+i ) o y y = ( vm, n + i r 2 V m , n+i+%. n - i ) / A y 

The i m p l i c i t part i n the x - d i r e c t i o n i s solved i t e r a t i v e l y , s i m i l a r to uv x. 

n): gC at m+l,n: 
x 
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S 1 : * (c£l ) n -C m >Ax ( i m p l i c i t ) 

S2: as stage 1, which Is e x p l i c i t at t h i s stage 

o): gC at m,n+|: 
y 

5 1 : « < i n + 1 C m > n ) / A y ( e x p l i c i t ) 

S 2 : « ^m!n +l 0 M y <**^"> 

p): (Hu) x at m,n: 

S 1 : (H^t u^Ti -Hk+t u k +t )/Ax ( i m p l i c i t ) m+t,n m+t,n m-i,n m-f.n 

S2: as stage 1, which i s e x p l i c i t at t h i s stage 

(4.2-3n) 

(4.2-3o) 

(4.2-3p) 

The i m p l i c i t part -here requires an i t e r a t i v e procedure. L o c a l l y l i n e a r 
schemes, which are cheaper, were tested as w e l l ; but i t was found experimen­
t a l l y that t h i s l o c a l l i n e a r i z a t i o n causes i n s t a b i l i t i e s , e s p e c i a l l y at very 
shallow regions with an accidented bottom p r o f i l e . 
For example, the following " l o c a l l i n e a r i z a t i o n " turned out to be unstable: 

SI: ( h y u k +*) + C k u k + * + u k C k + * X , at m,n ( e f f e c t i v e l y i m p l i c i t ) ox ox ox 

S2: ( h y u k + i ) + C k + 1 u k + i + u
k + 1

c
k + * * a t m n ( e f f e c t i v e l y e x p l i c i t ) ox ox ox 

where i t i s to be noted that: 

(Hu) = ("h7 u) + C u + ~ , X at m,n 
ox ox ox ox 

For the i t e r a t i v e s o l u t i o n of (4.2-3p) several p o s s i b i l i t i e s were tested. The 
procedure that turned out to be very e f f i c i e n t i s given by (4.2-4). 

Usually, two i t e r a t i o n s are enough, both for accuracy and s t a b i l i t y . Only for 
very 'shallow regions with an accidented bottom' p r o f i l e and points changing 
from dry to wet and vice versa, see section 4.5, more i t e r a t i o n s are occasion-
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a l l y necessary f o r s t a b i l i t y . Second order accuracy i s obtained f o r Q > 2, for 
Q see 4.2-4. 

q): (Hv) y at m,n: 

SI: (H k j i v k -H k , v k „ ,)/Ay ( e x p l i c i t ) ra,n+| ra,n+i ni,n-t m,n-i 
(4.2-3q) 

S2: ( H k + 1
J , v k + l ^ , - H k + 1 , v k + 1 i)/Ay ( i m p l i c i t ) v m,n+| vm,n+i m,n-f m.n-i-""-7 

The I t e r a t i v e procedure to solve the i m p l i c i t part i s given by (4.2-4). 

If a l l the i t e r a t i v e procedures to solve i m p l i c i t equations are taken i n t o 
account then the d i s c r e t i z a t i o n s (4.2-3a) up to and including (4.2-3q) y i e l d 
the following FDM for the approximation of (4.2-2): 

Stage 1: 

[0] k [0] k JO] k u - u , v = v , C • C 

For p - 1,2, q = 1,2 Q: 

[q] k [q] ~T~* ,-k+i k rW (u -u ) / f i + u u + S„„ (v , u ) - fv + gC 
ox oy 

+ g u [ q l [ ( v k + i ) 2 + ( u k ) 2 ] } / ( C 2 H k ) - v ( u k
x x ^ k

y y ) = 0 , at m+i,n (4.2-4a) 

( v t P l _ v
k

) / H + v
k ^ + S + x [u', v [ p l , 6 ( p + p ' ) ] + f u k

+ g C
k

y 

+ g v [ p , [ ( u V + ( v k ) 2 l { / ( C 2 H k ) - v ( v J x x + v J y J ) = 0, at m,n+l (4.2-4b) 

K M ^ n ^ ^ h ^ 1 1 ^ ^ ^ + ( H k v k ) o y = 0 , at m,n 
(4.2-4c) 

JHm u [ Q ] v k + i , v [ 2 ] > c k + | , c [ Q ] 

whe re: 
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,=k+i k^ . =k+i „ k , k , k k S o y ( v ,u )at ^ , n - v m + h n ( u ^ i ) n + 2 + 4 u r a + i ) n + r 4 u m + i > n _ 1 - u m + h n _ 2 ) / 1 2 A y 

-k „ [p-6] . [p-6] _̂  [p-6] =k 
um,n+i( 3 vm,n+r 4 vm-l,n+i + vm-2,n+i> / 2 A x l f um,n+i > 0 

S + x [ u k , v ^ P ^ ,6 ]at m,n+j=< 

=k , , [p-l-K5l [p-1+6] [P-1+61 W, A =k 
un.,n+i (- 3 vm,n+i + 4 v n r i - l ,n+r Vm+2,n+i ) / 2 A x i f um,n+i < 0 

p+p' 
6 (p+p') = H I + ( -D 1 

0, l f Z u > 0 (£ u denotes the sum of u over a l l g r i d points) 
mvn m,n 

1, I f E u < 0 
m,n 

and v [ * l . t m,n+i - ( v ^ 1 ^ ' > W ' ' + v ' ' » )/Ax 2 

oxx m+l,n+t m,n+t m-l.n+t 

Stage 2: 

u [ o ] . uk+| ( v [ 0 ] . y k + i j c [ o ] = c k + | ) 

For p - 1,2 and q « 1, Q: 

(u -u )/H+u u Q x + S + y [ v ,u ,6(p+p')]-fv +gC o x 

+ g u [ p I [ ( v k + i ) 2 + ( u k + i ) 2 ] i / ( C 2 H k 4 ) - v ( u o
P

x + u i ; y ) = 0 at m+*,n (4.2-4d) 

(v -v )/ft+v v Q x +S Q X(u ,v )+fu +gC o x 

+ g v [ q l [ ( v k ^ ) 2 + ( u k + 1 ) 2 ] ^ / ( C 2 H k ^ ) - v ( v k ^ + v k ^ y ) = 0 at m,n+i (4.2-4.) 

(C [q]_,k+iw, ^̂ k+i k+i, î j" W; ^t i - 1 ' Ul. [q-i Ul „ 
-C )/lx+(H u 2) +(h v ) ,+C v +v C ="0, oy oy oy at m,n 

(4.2-4f) 
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u k + W 2 1 , v k + 1 - v [ Q l , C k + 1 = C [ Q ] 

whe re : 

S + y ( v k + i , u [ p , , 6 ) a t m+i,n-| 

=k+i ,, [p-6] , [p-6] . [p-6] w o , vm+|,n( 3um+*, n-4unr4, n-1*W}, n-2>'2Ax• 

l f vm+i,n>° 

-k+i , , [p-1+6] [p-1+6] „[P-1+6] W, A vm+*,n(_3um+|,n +4um+i,n+1 um+i,n+2>12Ax' 
=k+£ 

i f vm+|,n<° 

ô(p+p') - [1 + ( - l ) P + P ' l 

0, i f E v k +^> 0 (£ v denotes the sum of v over a l l g r i d points) 
m, n m, n 

1, i f Ï. v k + * < 0 
m,n 

c. ,=k+l k+h , =k+l , k+i k+i , k+} k+| 

and [*1 • , [P-1+6(P+P')] , [Pi ^[P-S^P+P^K/Av 2 

At stage 1 (4.2-4b) i s an i m p l i c i t equation. Because of the d e f i n i t i o n of 
P',(4.2-4b) i s solved column by column i n the dominant flow d i r e c t i o n of u. I f 
the sign of u i s constant then (4.2-4b) i s solved i n one i t e r a t i o n , otherwise 
a second step i s necessary. This step proceeds i n the opposite d i r e c t i o n . 
After (4.2-4b), (4.2-4a) and (4.2-4c) are solved. These equations are coupled 
i m p l i c i t l y . By s u b s t i t u t i o n of (4.2-4a) at m-$,n and at m+|,n int o (4.2-4c) at 
m,n the i m p l i c i t equations are t r i - d i a g o n a l and of the same s i z e as the t r l -
diagonal equations of (4.2-4b). 

At stage 2 (4.2-4d) i s i m p l i c i t and i s solved s i m i l a r l y to (4.2-4b). The 
coupled i m p l i c i t equations (4.2-4e) and (4.2-4f) are solved according to (4.2-
4a) and (4.2-4c). 
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By so l v i n g (4.2-4) i n the sequence (4.2-4b), [(4.2-4a) and (4.2-4c)], (4.2-4d) 
and [(4.2-4e) and (4.2-4f)] the computer implementation needs only one array 
per dependent var i a b l e (u,v,C) and one work array of the s i z e of the number 
of "C-points" of the g r i d . This means that the FDM Is very e f f i c i e n t with 
respect to storage. 

4.3 Boundary conditions, closed boundaries 

The SWE given by (4.0-1) are of course incomplete without boundary conditions. 
In general two types of boundary conditions are to be di s t i n g u i s h e d : closed 
and open. Closed boundaries are land-water boundaries; they are ph y s i c a l 
because they r e l a t e to a r e a l l y e x i s t i n g boundary. Open boundaries are mathe­
matic a l ; they are Introduced to r e s t r i c t the si z e of the domain of the prob­
lem. This section describes the numerical treatment of closed boundaries. 

At a closed boundary, one boundary condition i s to be prescribed i f v-0; then 
the equations are hyperbolic. I f v*0, two boundary conditions are to be pres­
c r i b e d . In that case- the equations are "incompletely parabolic", see Ollger 
and SundstrBm [19]. 
At closed boundaries the following boundary conditions are given: 

u x =• 0, (4.3-la) 

(1-a) u ; /+ a f-- U / / = 0 (4.3-lb) 

where uj_ denotes the v e l o c i t y normal to the boundary, u// denotes the v e l o c i t y 
p a r a l l e l to the boundary and denotes the d e r i v a t i v e normal to the boundary. 
If ot=l then (4.3-lb) describes a "perfect s l i p " boundary condition but 
i f a-0 then (4.3-lb) represents a "no s l i p " boundary co n d i t i o n . In gener­
a l a - l . 

For the FDM (4.2-4) closed boundaries are represented by zero v e l o c i t i e s i n 
ei t h e r the x - d i r e c t i o n or the y d i r e c t i o n . For some geometries t h i s y i e l d s 
the t y p i c a l "zig-zag" l i n e s of which an example Is figure (4-2). 
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. " th i n dam " 

Figure (4-2) Example of closed bound­
ar i e s as represented by the staggered 
g r i d . 

The staggered g r i d allows a simple treatment of the boundary conditions. At a 
closed boundary only one dependent variable i s to be ca l c u l a t e d . Because t h i s 
variable equals zero, no s p e c i a l boundary scheme i s needed at the boundary 
I t s e l f . Near closed boundaries, however, the d i s c r e t i z a t i o n s of section 4.2 
cannot always be applied. This problem concerns only the d i s c r e t i z a t i o n s of 
the momentum equations. For the d i s c r e t i z a t i o n of the c o n t i n u i t y equation 
s p e c i a l boundary schemes are not necessary. 
We w i l l describe the boundary schemes for the momentum aquation i n the x-
d i r e c t i o n . The boundary treatment of the momentum equation i n the y - d i r e c t i o n 
Is s i m i l a r . 

We w i l l give a separate d e s c r i p t i o n of the d i s c r e t i z a t i o n of the momentum 
equation for each term, that needs a special boundary treatment. It i s to be 
noted that u t and gC x never need s p e c i a l d i s c r e t i z a t i o n . This i s an important 
advantage because these are i n general the most important terms of the momen­
tum equation. In fact the s p e c i a l boundary d i s c r e t i z a t i o n s are only necessary 
for the advectlon terms, which only have l i m i t e d influence i n case of some 
ap p l i c a t i o n s , see, e.g., Verboom [26] or S t e l l i n g [21]. 

The boundary treatment, near closed boundaries, for the advectlon terms i s as 
follows: 
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a) uu x-

For the inner points the d i s c r e t i z a t i o n of t h i s term i s given by (4.2-3d) 
which i s second order accurate In both space and time. I f we look at the point 
depicted i n f i g u r e (4-3) then i t seems that 

closed boundary 

Figure (4-3) 

for uu x a s p e c i a l boundary d i s c r e t i z a t i o n i s not necessary. T h e o r e t i c a l l y t h i s 
i s true. But for p r a c t i c a l a p p l i c a t i o n s when (4.2-3d) i s applied near bound­
a r i e s , i t can produce I n s t a b i l i t y or a r t i f i c i a l boundary l a y e r s . Consider for 
example the s i t u a t i o n of figure (4-4). 

Figure (4-4) 

A p p l i c a t i o n of (4.2-3d) for the d i s c r e t i z a t i o n of the advection term at the 
point under consideration y i e l d s : 

+ 
er consideration 

point under consideration (m+i.n) 

(uu ) 1 ' • I x m+t ,n -0)/2Ax (4.3-3) 

In p r a c t i c a l a p p l i c a t i o n s the v e l o c i t y i n the point under consideration can be 
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quite large. In case of flow d i r e c t i o n A i . e . , u > 0, (4.3-3) act as an a r t i ­
f i c i a l bottom f r i c t i o n term, y i e l d i n g a large l o c a l water l e v e l gradient and 
an a r t i f i c i a l boundary l a y e r . In case of flow d i r e c t i o n B, (4.3-3) might act 
as a d e s t a b i l i z i n g term as has been confirmed by numerical experiments. 
To avoid both too large d i s s i p a t i v e d i s c r e t i z a t i o n s near the boundary or 
unstable d i s c r e t i z a t i o n s we adopt the following procedure for the s i t u a t i o n of 
figure (4-4): 

, i f u > 0 m,n 

j (u -u )/Ax, i f u < 0 m,n m+l,n m,n m,n 

(4.3-4) 

This approximation i s f i r s t order consistent, which does not a f f e c t second 
order convergence because t h i s approximation i s applied only near the bound­
ary, see chapter I. 
The d i s c r e t i z a t i o n (4.3-4) turned out to give s a t i s f a c t o r y r e s u l t s for a large 
v a r i e t y of geometries. By p r a c t i c a l experience we found that i n general s a t i s ­
factory d i s c r e t i z a t i o n s for advection terms near boundaries are generated by 
taking i n t o account the following p r i n c i p l e s : 

1) Always avoid negative d i f f u s i o n i n the truncation error of the d i s ­
c r e t i z a t i o n . 

t i ) If the d i s c r e t i z a t i o n formula contains the boundary value u^ - 0 then 
t r y to avoid t h i s by using a d i s c r e t i z a t i o n that needs fewer g r i d 
points, or by upwind d i f f e r e n c i n g . I f i t Is not possible to avoid the 
boundary value u^ • 0 In the d i s c r e t i z a t i o n formula, then the advection 
term has to be approximated by a zero value. 

H i ) The d i s c r e t i z a t i o n should be such that i f the boundary procedure i s 
applied to a frozen c o e f f i c i e n t Cauchy problem, then the r e s u l t i n g 
scheme i s st a b l e , c f . Goldberg and Tadmor [7], [8] or Trapp and Ramshaw 
[23]. 

By (1) and ( i i i ) i n s t a b i l i t i e s are avoided while ( i i ) suppresses a r t i f i c i a l 
boundary l a y e r s . 

Summarizing, for the d i s c r e t i z a t i o n of uu x we adopt the f o l l o w i n g procedure 
for the s i t u a t i o n of the figures (4-4) and (4-5): 
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© 
T 

Stage 1 ( u J ^ - O , u ^ u > n * 0 ) ; 

point under 
consideration 
(m+i,n) 

0, i f 
uu = < 

X 

u . , > 0 m+i, n 

Figure (4-4), u,,.^,, = 0 

k , k+i k+i . / A k u _ j . i . u_,n -u )/Ax, i f u , , < 0 m+i,n m+lj.n m+i,n ' m+i,n 

(4.3-5a) 

k+i k+i 
m~i,n ' m+li,n 

uu • ' 
X 

I f * * j > 0 m+i,n 

«42 C«£3* - u ^ )/Ax i f < 0 m+i,n m+li,n m+i.n" m+i,n 

(4.3-5b) 

MS ^ 

point under 
consideration 
(ra+i.n) 

Figure (4-5) u ^ ^ - 0 

Stage 1 ( u m _ i f n * 0, U m + U ) n - 0): 

k k+i k+i , , k 
um+i,n ( um+i,n- um-i,n ) / û x' i f um+i,n> 0 

, i f u . , < 0 m+i,n 

k+i k+i Stage 2 ( u r a 4 > n * 0, 

uu = s 
x 

k+1 k+i k+i k 
um+i,n ( um+i.n- um-i,n ) / A x« l f um+i,n > 0 

, i f u . , < 0 m+i ,n 

(4.3-6a) 

(4.3-6b) 

Note that i f u , = 0 and U — l I n - 0 then uu -- 0. 
m-i,n tiM-t.n x 

The d i s c r e t i z a t i o n s of Wy near boundaries are s i m i l a r to those of uu, 
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b) v u y : 

For the d i s c r e t i z a t i o n of vu y we take into account the same p r i n c i p l e s that 
were used f o r uu x- Also for t h i s case f i r s t order consistency i s assumed as 
s u f f i c i e n t to maintain second order convergence. For vu y the boundary proce­
dure i s more complex, which stems from the fact that the " f u l l " d i s c r e t i z a t i o n 
at the inner points as given by (4.2-3fa) and (4.2-3fb) involves more g r i d 
points, as i s i l l u s t r a t e d by figure (4-6). 

+ (T) + _ + O point under consideration (m+|,n) 
i i i D g r i d points involved i n (4.2-3fa) 

- + • + _ + _ 
E3 ID • 

_ + 0 + _ + _ 
m m 

- + • + _ + _ 
i i i 

- + • + - + -

+ v + - + 
i i i 

- + + - + 

e o 1 

- + 
0 ^ 0 1 vm+i,n > 0 

+ z£s + 
1 1 

Q point under consideration (m+i,n) 
<£>grid points involved i n (4.2-3fb) 

=k+4 
for each sign of v , , 

0 m+i,n 

^ gri d points involved i n (4.2-3fb) i f 
0 + " + " =k+i 

_ + ^ + - + - vm+l,n * 0 

Figure (4-6) Grid points involved i n (4.2-3f) 

g r i d points involved i n (4.2-3fb) i f 
fc+J 

Because of the large number of g r i d points involved i n (4.2-3f) there are many 
p o s s i b i l i t i e s that might cause a considerable amount of computational over­
head. To reduce the overhead we consider only the s i t u a t i o n s of f i g u r e (4-7). 
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+ — + 
I I 
+ — + 
I I 
+ -o- + 
I I 
+ — + 
I I 
+ — + 

a 

+ — + + 

I I I 
+ — + + 

+ + — + 
+ + — + 

+ — + 
c 

+ — + 
I I 

+ — + 
e 

+ 
I 3 

f 

+ — + 
i i 

+ — + 
8 

M M M 

+ -o- + + -o- + 

+ — + 
i 

+ — + 
k 

' X ! I N 
V-e-N- <-©-> 

I X I L > 
+•—•+ 

I l 
+ — + v 

o p 

VL y VR 
I / \ I denotes: at least UT=0 or UB=0 or VL=0 or VR=0 

-UB-
Flgure (4-7) Possible s i t u a t i o n s for the d i s c r e t i z a t i o n of v u y 

The s i t u a t i o n s of figu r e (4-7) can be determined very e a s i l y by representing 
the s i t u a t i o n i n each computational c e l l as a p o s i t i o n i n a binary number of 
four b i t s . 

At stage 1 we consider only the following d i s c r e t i z a t i o n s : 

=k+i k k k k 
v u y " vm+i,n ( um+i,n+2 + 4 um+Kn+l- 4 um+j,n-r um +i,n-2> / 1 2 Ay («-3-7a) 

-k-4 . k k 
V V Vm+i,n ( um+i,n+r um+i,n-l ) / 2 Ay 

vu = 0 
y 

(4.3-7b) 

(4.3-7c) 

D i s c r e t i z a t i o n (4.3-7a) i s applied only for s i t u a t i o n a, (4.3-7b) i s applied 
f o r s i t u a t i o n b, 1, and j ; and v u y = 0 for the remaining s i t u a t i o n s . 



- 147 -

At stage 2 we consider two cases: , (I) v^ j n> 0 and ( I I ) yfejj n< 0. We 
consider only case (I) because ( I I ) i s treated completely s i m i l a r l y . For case 
(I) we consider only the following d i s c r e t i z a t i o n s : 

•_k+i k+1 k+1 k+1 
^ ^.«^"m+i.n-^m+i.n-l^m+l.n^ )/2Ay 

=k+i k+1 k+1 
y = vm+hn ( uk+i,n" uk+i,n-l )/Ay 

vu = 0 
y 

(4.3-8a) 

(4.3-8b) 

(4.3-8c) 

D i s c r e t i z a t i o n (4.3-8a) i s applied for the s i t u a t i o n s a, e, i and m. D i s c r e t i ­
z a t i o n (4.3-8b) i s applied f o r b, f, j and n while v u y = 0 for the remaining 
s i t u a t i o n s . 

The boundary procedure as described above causes l i t t l e computational over­
head, and any possibly geometry can be treated by t h i s procedure. The order of 
consistency i s at l e a s t one. The s t a b i l i t y of the procedures when applied to a 
Cauchy problem can e a s i l y be v e r i f i e d ; the s t a b i l i t y f o r p r a c t i c a l problems 
was confirmed by numerical experiments. 
The f i n a l term that we treat i n t h i s section needs a s p e c i a l d i s c r e t i z a t i o n 
near closed boundaries and i s given by uyy. (Note that u ^ does not need a 
s p e c i a l d i s c r e t i z a t i o n . ) For the boundary procedure of Uy y we consider the 
s i t u a t i o n s of figure (4-8). 

+ — + + — + 
K I I I 
1- -6- + *-©-

+ — + 
a 

0 point under consideration (m+},n) 
N-

b c d 

Figure (4-8) Possible s i t u a t i o n s for the d i s c r e t i z a t i o n of u y y . 

The fo l l o w i n g d i s c r e t i z a t i o n s are applied: 

« u y y - ( u m + i > n + l - 2 u m + | > n + u m + i ( n _ , ) / A y 

2 
f o r b: u = [ ( l - a ) ( - 3 u n H . h n + u m + i ( n + 1 ) + < i ( - u r a + i , n + u m + i , n + l > 1 / A y 

(4.3-9a) 

(4.3-9b) 
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for c: u. yy • [ ( l - a ) ( - 3 u m+î ,n n V - i . n - l (4.3-9c) 
T • 

for d: u = -
yy 

(4.3-9d) 

The time d i s c r e t i z a t i o n i s s i m i l a r to (4.2-3A). 
It i s e a s i l y v e r i f i e d that f o r a-1, the usual case (4.3-9) i s completely 
second order accurate. I f a * l then (4.3-9a) i s second order accurate and the 
remaining d i s c r e t i z a t i o n s are f i r s t order consistent. 

4.4 Boundary conditions, open boundaries 

As already mentioned open boundaries are a r t i f i c i a l water-water boundaries 
that have been a r b i t r a r i l y drawn somewhere across a wider flow f i e l d to r e ­
s t r i c t the domain of the problem. Computational f l u i d dynamlcists, as we l l as 
numerical analysts are quite a c t i v e i n the subject of open boundary approxi­
mation, see e.g. Kreiss [13], Kreiss and Gustafsson [15], Oliger and Sundström 
[19], Verboom et a l [25], [26] Gerritsen [5], G o t t l i e b et a l [9], Enquist and 
Majda [4], K u t l e r [16], Strlkwerda [22], E l v l u s and Sundström [3], Gustafsson 
[10]; t h i s l i s t i s nowhere near complete. A thorough t h e o r e t i c a l treatment i s 
beyond the scope of t h i s work. 

This section describes the numerical boundary condition procedures f o r the 
following boundary conditions at open boundaries. 

a) V e l o c i t y boundary conditions given by: 

u A = f U ( t ) (4.4-la) 

U/7 - 0 (4.4-lb) 

a - 0, i f V * o (4.4-lc) âïï u// 

b) Water l e v e l boundary conditions given by: 

C - f C ( t ) (4.4-2a) 
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*U • 0 (4.4-2b) 

u / ; - 0, i f v * 0 (4.4-2c) 

where (4.4-lb) and (4.4-2b) are prescribed only at inflow, i . e . , i f u x Is 
directed from outside the domain of the problem to i n s i d e . The well-posedness 
of (4.4-1) and (4.4-2) i s treated by Verboom et a l [24), [25]. 

The conditions (4.4-1) and (4.4-2) are often applied to p r a c t i c a l flow prob­
lems i n c i v i l engineering because the prescribed q u a n t i t i e s can be measured i n 
nature. However, "absorbing boundary conditions", see Enquist and Majda [4], 
can also be implemented by the procedures that we describe i n t h i s s e c t i o n . 

Because of the staggered g r i d , the s p e c i a l boundary procedures are necessary 
only because of the advectlon terms. Various extrapolation procedures were 
tested as proposed for example by Elvius and Sundström [3] or Gerritsen [5]. 
When applied to our g r i d structure these procedures were not s a t i s f a c t o r y f o r 
inflow boundaries. At inflow, extrapolation procedures are s e n s i t i v e to i n s t a ­
b i l i t i e s as was found by p r a c t i c a l experience. It seems that boundary e x t r a ­
polation methods are stable only If they are based upon e x t r a p o l a t i o n of 
q u a n t i t i e s that reach the boundary from i n s i d e , l i k e the outgoing "Riemann 
i n v a r i a n t s " , see Moretti [18] or G o t t l i e b et a l [9]. For relevant a p p l i c a t i o n s 
i n c i v i l engineering i t was also found by p r a c t i c a l experience that the order 
of consistency of the advectlon d i s c r e t i z a t i o n near the open boundary i s 
hardly important. This means that the s o l u t i o n at the inner points i s not 
g r e a t l y influenced by the order of the advectlon d i s c r e t i z a t i o n near the open 
boundary. This observation was also made by Leendertse (private communica­
t i o n ) . I t i s important that the boundary procedure be s t a b l e . We found that 
the h e u r i s t i c p r i n c i p l e s of the preceding section are also applicable for the 
construction of open boundary procedures. For the d i s c r e t i z a t i o n of (4.4-1) 
and (4.4-2) we propose the following procedures: 

a): V e l o c i t y boundary conditions: 

fo r v e l o c i t y boundary conditions we assume a geometry as given by f i g u r e (4-9) 
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+ _ + _ . ? . outside 

i I I i ^ " s o l i d w a l l s " of length Ax 

+ - + - + © + .' 
, ^ n s i d e | ^_J,_ 0 b o u n d a r y p o l n t (M+i,n) 

open boundary 

Figure (4-9) Open v e l o c i t y boundary 

The following d i s c r e t i z a t i o n s are used: 

u k = f U ( k x ) , at M+i,n (4.4-3a) 

v k = 0, at M+l, n+| and M+l, n - i (4.4-3b) 

4 l , n - i n ( 4 - 4 " 3 c ) 

i uu i f u > 0 
-x 

(4.4-3d) 
uu, i f u < 0 
+x 

where u- x and u+ x are defined according to (3.3-2). 
This procedure i s consistent with (4.4-1). The condition given by (4.4-3a) Is 
consistent with ( 4 . 4 - l a ) . Because of the procedures for the d i s c r e t i z a t i o n s of 
v u x and v v v near closed boundary as described i n section 4.3, (4.4-3b) i s 
consistent with (4.4-lb) and ( 4 . 4 - l c ) . Because of (4.4-3c) at point M,n of 
figu r e (4-9), the c o n t i n u i t y equation, i s approximated with zero order consis­
tency. According to Gustafsson [10] or Beam et a l . [2], t h i s Is s u f f i c i e n t to 
maintain convergence. Experiments with extrapolations of a higher order did 
not greatly change the r e s u l t s at the inner points or became unstsble. Bound­
ary conditions i n x and y d i r e c t i o n are treated s i m i l a r l y . 
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b): Water l e v e l boundary conditions 

For water l e v e l boundary conditions we assume a geometry as given by fig u r 
(4-10). 

i n s i d e 

- + - + 

" s o l i d w a l l s " of length Ax 

0 boundary point (M,n) 
open boundary 

Figure (4-10) Open water l e v e l boundary 

The following d i s c r e t i z a t i o n s are proposed: 

C - f (k-c), at M,n 

v = 0 , at M,n+i and M,n~i 

(4.4-4a) 

(4.4-4b) 

at M-},n uu x i s approximated by< 
|uu i f u > 0 -x 

0 , i f u < 0 

at M-li,n uu x i s approximated by 
uu i f u > 0 -x 

uu, i f u < 0 +x 

This d i s c r e t i z a t i o n i s a consistent approximation of (4.4-2) 

(4.4-4c) 

(4.4-4d) 

Note that at inflow uu x i s approximated by a zero value at M-j,n. This y i e l d s 
a zero order consistent approximation of the momentum equation at M-|,n. Again 
t h i s y i e l d s only f i r s t order convergence from a t h e o r e t i c a l point of view. Yet 
the influence on the inner points of t h i s approximation i s n e g l i g i b l e as was 
found by p r a c t i c a l experiments. The only noticeable e f f e c t of approximations 
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of a higher order of consistency i s that sometimes they became unstable. 
Consider for example the following extrapolation formula for a " v i r t u a l " u 
value at M+i,n: 

u!f4,n= 24-|,n-uM-H,n ( 4 > 4 _ 5 ) 

where the boundary procedures as proposed by Elv i u s and Sundstrom are based 
upon s i m i l a r e x t r a p o l a t i o n formulae. 

If (4.4-5) i s substituted i n t o (4.2-3d) then we obtain: 

uu = uu , at M-|,n (4.4-6) 
X -X 

If we ca l c u l a t e the truncation error of the s p a t i a l d i s c r e t i z a t i o n of (4.4-6) 
then we obtain: 

u(x,y,t) [ u C x , y , t ) ] o x = u ( x , y , t ) [ u ( x , y , t ) ] x - y n i ( x , y , t ) [u(x,y, t ) ] x x+0(Ax 2) 
(4.4-7) 

If u < 0, then the truncation error of (4.4-6) contains negative d i f f u s i o n as 
follows from (4.4-7). This i s probably the reason for the observed I n s t a b i l i ­
t i e s . 

A s t a b i l i z i n g e f f e c t i s often experienced as a r e s u l t of the p r e s c r i p t i o n of 
Riemann i n v a r i a n t s at the open boundaries, see e.g. Oliger and Sundstrom [19]. 
In t h i s case we obtain the following boundary conditions: 

U l + 2(gH)* = f R ( t ) , (4.4-8a) 

U / / - 0 , (4.4-8b) 

!» u / / - ° • <4-4-8c> 

As mentioned before, Riemann i n v a r i a n t s are q u a n t i t i e s that are not measured 
i n nature. In order to p r o f i t from the s t a b i l i z i n g e f f e c t of Riemann i n v a r i ­
ants while v e l o c i t i e s are s t i l l prescribed as boundary conditions, we propose 
the following boundary conditions: 
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U i + E oT [ u ± 2 ( 8 H ) Í ' " f U ( t ) ' (4.4-9a) 

li / / 
0 (4.4-9b) 

Ô (4.4-9c) On""// » 0 

For s u f f i c i e n t l y small values of e (4.4-9a) Is an accurate approximation of 
(4 . 4 - l a ) . Yet with respect to very short wave lengths, which are produced f o r 
example by nonlinear e f f e c t s inside the domain of the i n i t i a l boundary value 
problem, (4.4-9a) acts as non-ref l e c t i v e boundary condition. 
Numerical experiments c a r r i e d out by the author confirmed t h i s conjecture. 

A.5 T i d a l f l a t s 

In t h i s section we describe the treatment of land-water boundaries f o r which 
the l o c a t i o n Is a function of the water l e v e l . The l o c a t i o n of these bound­
a r i e s i s i m p l i c i t l y given by the following r e l a t i o n : 

If Ç (x,y,t) varies as a function of time then the l o c a t i o n of t i d a l f l a t 
boundaries varies as w e l l , depending on the shape of the bottom p r o f i l e , see 
e.g. fig u r e (4-11). 

C + h = 0 (4.5-1) 

/ 
/ 
/ location of land - water boundary 

/////// water 

Figure (4-11) IB Bottom p r o f i l e with varying land-water boundary 

For the fi x e d 1-dimensional g r i d of figure (4-12) a continuously varying 
P o s i t i o n of the boundary i s not possible. As d i s c r e t i z a t i o n for the s i t u a t i o n 
of figure (4-11) the bottom p r o f i l e of figure (4-12) i s assumed. 
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m+1 m+2 im-3 m+4 m+5 m+6 m+7 
+ — + + 7K- + — + -?pr + — + plane of reference (ID grid) 

'W3J 6 0 { 7—r nH-5j I r n — 

location of land - witer boundary 

/////// vater 

Flgure (4-12) D i s c r e t i z e d 1-D bottom p r o f i l e 

For the bottom p r o f i l e of figure (4-12) the boundary conditions are given by: 

u .,-0, i f h_^.+i (Ç +Ç .,) < 6 m+j m+i m m+1 o (4.5-2) 

where ĥ .̂̂ . denotes the bottom depth below some plane of reference. 

For the two-dimensional g r i d of figure (4-13) the boundary conditions are 
given by: 

u . = 0, i f H , < 6 m+t,n m+},n o 

v - 0, i f H < 6 m, n+i m, n++ o 

(4.5-3a) 

(4.5-3b) 

These equations i n t r i n s i c a l l y assume a bottom p r o f i l e as given by figure (4-
13). 
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Figure (4-13) D l s c r e t l z e d 2-D bottom p r o f i l e 

In very shallow regions there are several sources that might d e s t a b i l i z e a 
FDM. Examples of d e s t a b i l i z i n g sources are given by: 
(1) S i n g u l a r i t i e s due to the i n t e r s e c t i o n of c h a r a c t e r i s t i c s . See Abbott [1] 

for a discussion on c h a r a c t e r i s t i c s and Liggett [17] for a discussion on 
flow s t a b i l i t y , r o l l waves, c r i t i c a l flow, etc. 

( i i ) S i n g u l a r i t y of the bottom f r i c t i o n term i f H-*0. It Is questionable i f 
the numerical representation of the bottom f r i c t i o n term remains stable 
i n t h i s l i m i t i n g case, 

( i l l ) The numerical flooding and drying procedure induces disturbances by 
suddenly changing the status of a v e l o c i t y point from flowing, i . e . 
u,v * 0, to dry, i . e . , u,v-0 and vice versa. 

In general the flow d i s t r i b u t i o n of the shallow regions Is not very important 
for the flow d i s t r i b u t i o n of the deep regions. Considered as a storage basin, 
however, the shallow regions may be important. Therefore 6 should be chosen 
as small as possible. Very small values of H f a c i l i t a t e the onset of i n s t a b i l ­
i t i e s , however. Moreover i t i s questionable whether at very shallow regions 
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the water movement Is described accurately by SWE, e s p e c i a l l y i f one takes 
i n t o account the bottom f r i c t i o n law that has been applied. In order to con­
t r o l the I n s t a b i l i t i e s while maintaining the storage capacity of the shallow 
region we propose the a p p l i c a t i o n of a strongly d l s s l p a t l v e FDM for regions 
characterized by the following r e l a t i o n : 

6 < H < 6, (4.5-4) o 1 

Between these thresholds a d l s s l p a t l v e mixed ADI-LOD scheme i s applied given 
by: 

Stage 1 : 

[0] k [0] k [0] k 
u = u , v - v , c " C ; 

For p - 1, 2, q - 1 Q: 

(u -u )/ix - fv + 2 8 ? o x + gu l(v ) +(u ) ] /c 6j 

" v ( u o x x + u o y y ) = °» a t m +*» n (4.5-5a) 

( v l P J - v ) / H + 2 S ^ f u , v l P 1 , 6(p+p')] + 2D + y (v ,v) + f u 

+ g v [ p l [ ( u V + ( v k) 2] i/6 1-v ( v o x x + v J P

y ) = 0 at m,n+| (4,5-5b) 

t r W j t ^ M l J. t\? a-Iq-H [q]._ /"k* [q-1] .[q]..,„k k (C ~C )/$T + (h u )„V+C u +E (u ,u ,C )+(H v ) =0 at m,n OX OX "iX ox 
(4.5-5c) 

u k + l = u [ Q j , v k + i = v [ 2 ] > c k + i = C[Q] 

where: 

ck = ( i - 4 Y ) c k + Y ( c k
 J.,+c k, +c k , +c k ,) 

m,n ' m,n ' m,n+l ^m+l,n m-l,n ̂ m,n-l 
~k ~k ~k u en v are defined s i m i l a r l y to £ 
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~k ~k v v , i f v > 0 -y 

v k v , If v k< 0 
-y 

J ^ k M , i f u k > 0 m-f,n -x m,n 

I ? [q-1] [q] , E + X ( u , u ,C ) at ra,n -< 

um+i,n C+x • l f ura,n * 0 

"k [D1 [*] s
+ x [ u . v , 6 (p+p')] and v Q ) { X are defined according to (4.2-4) 

Stage 2: 

[0] k+i [0] k+| [0] f 2 _ = 1 0. 
u » u ,v =v ,c "C t r o r " * • q • •••• v -

+y 
[p] =k+L2, ,~k+K2,i ,r2. , . . I P 1 _ J * ] . g u L H 1 [ ( v " f ) + { u T , ) i l ' / c ' 6 f v ( u > ; y ; H , at m+*,n (4.5-5d) 

. k+} k+ i N „ . -v(v +v )=»0, at m,n+t oyy oxx ' (4.5-5e) 

at m,n (4.5-5f) 

k+1 [2] k+1 [Q] -k+i [Q] u - u , v - v ,C ' C 

where u k + * . v k + i and ( f k + * are defined s i m i l a r l y to C k, 

D + , ( u k + i . u ) = +x ' 

u k + * u , If u k + } > 0 -x 

uk+K , i f u k + * < 0 +x 
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E
+ y < V 

k+F [q-H f q L 
, v ,C ) at ra,n H 

v [ q - l ] [q] tfjff >0 
m.n-f -y m,n 

v [ q - l ] [,] l f 7 ? f < 0 ra,n+| *-rf' m,n 

S + y [ v k + ^ , u ' ^ , 6(p+p')] and ugyy a r e defined according to (4.2-4). 

The equations (4.5-5c) and (4.5-5f) are conservative with respect to mass 
because of the following r e l a t i o n s : 

C u + E (U,u,C) at m,n = < ox +x 

5 v + E (V.v.C) at m,n = oy +y 

(C u ) , U > 0 m,n m-t,n ox 

(C u ) , U < 0 m,n m+i,n ox 

(C v .) , V > 0 m,n m,n-i oy 

(C v ) , V < 0 m,n m,n+t oy 

Numerical experiments showed the exce l l e n t s t a b i l i t y properties of (4.5-5). 
Note that for the large majority of p r a c t i c a l a p p l i c a t i o n s (4.5-5) i s not 
necessary. 

4.6 On the structure of the i m p l i c i t equations 

For a numerical method not only i s s t a b i l i t y an important aspect but also the 
s o l u t i o n methods that are used should not be over-sensitive to rounding 
e r r o r s , see e.g. Wilkinoon [28]. 
The s o l u t i o n method we w i l l use i s a simple recursive algorithm to solve 
equations with a t r i - d i a g o n a l c o e f f i c i e n t matrix. By t h i s method a t r i - d i a g o -
nal system of equations given by: 

a z , + b z + c z , = Z , m = 1, 2, .... M m m-1 mm m m+1 m (4.6-1) 

where a, - 0, c„ - 0 1 M 

i s reduced to a bi-diagonal system of equations given by: 
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z + X z , - Y , a - 1, 2, ...M-l 
m m m+1 m (4.6-2) 

where the c o e f f i c i e n t s X̂ , and Y m can be calculated by means of simple recur­
sion formulae given by: 

x - W Y i " z i / b i 
(4.6-3) 

Y • r /th _ a Y ) v m (-a Y ,+Z )/(b -a X . ) , m-2,...,M Xm cm / ( bm am Xra-l ,• m 1 V « - l m / , v m m m-1 ' 

The f i n a l s o l u t i o n of (4.6-1) i s obtained by backward s u b s t i t u t i o n of (4.6-3) 
as follows: 

z - Y 
(4.6-4) 

z - Y -X z ,,, m - M-l, M-2, .... 1 m m m m+1 

This method i s described by many authors, see Godunov and Ryabenki [6] or 
Isaacson and K e l l e r [11]. 

To prevent the a m p l i f i c a t i o n of rounding errors the following r e l a t i o n must 
hold: 

| X J < 1, m = 1 M (4.6-5) 

A s u f f i c i e n t condition to f u l f i l (4.6-5) i s given by: 

I b |> I a 1+ le I , m - 1, 2 M (4.6-6) 
1 m1 ' m 1 1 m 1 

as can be e a s i l y v e r i f i e d . 

We w i l l study the structure of the equations given by (4.2-4a) and (4.2-4b). 
It i s only necessary to consider the c o e f f i c i e n t s of the i m p l i c i t part, which 
Is of the following form: 
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m-f ra-1 m-f m-f m m-j 

C M _ , - B > m _ i + ( 1 + C m _ r C m + i ) C m+ \ 1 1 ^ + C m + } C m + 1 - % (4.6-7) 

whe re: 

x 
m 4Ax m 

B" = -rí— (C + h 7 , ) and ra 2Ax m m-f 

B + " TT- (C + h L i ) -m 2Ax m m+i 

Equatlon (4.6-7) i s penta-diagonal, but by d i r e c t substitución i t can be 
reduced to: 

- A j : ,+ (1+A + B M ) C - B E . , = R + B ~ R , - B \ . , . (4.6-8) m m—1 m m m m+1 m m m—£ m ra+f 

where: 

. x ., x - 2 m ra-j 
A_ - 7777 U, — ^ Í 4Ax" ura-i + (2Ax" ) ¿ 

l + f g ( u 2
+ v 2 ) V [ C 2 ( ^ ) ] - r f T - ( u ^ - u r a _ i ) 

o g (C + > 
ra 4Ax ra+i *2W* 

l + f g ( u - f v 2 ) * / [ C 2 ( P ' ^ ) ] + ( U m f J - u ^ ) 

A s u f f i c i e n t condition to f u l f i l (4.6-6) i s given by: 

ir 'ura+i I < 2 ( 4 - 6 " 9 ) 
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where I t has been assumed that C + h y,, > 0. 
m m+f 

In stead of v e r i f i c a t i o n of (4.6-6), (4.6-5) can be v e r i f i e d d i r e c t l y as w e l l . 
Suppose that (4.6-8) has been reduced up to the ( m - l ) t n equation and i s w r i t ­
ten In the following form: 

C , + X r - Y (4.6-10) m-1 m-1 m m 

From (4.6-8) and (4.6-10) i t follows that: 

X = -B /(1+A +B +A X ,) (4.6-11) 
m m m m m m-1 

Suppose that the boundary condition at m » 1 i s such that |x | < 1, and assume 
t h a t l x

m - i l < !. i f for Xm a s given b v the r e l a t i o n given by (4.6-5) 
holds by induction, the existence of t h i s r e l a t i o n has been proven. By t h i s 
procedure we can prove that the following conditions are s u f f i c i e n t for (4.6-
5): 

t l< »• l f um-* um+i > ° ( 4 - 6 " 1 2 a ) 

Ax K ^ M . l f V | V i < ° ( 4 - 6 " 1 2 b ) 

The condition given by (4.6-12a) Is not as r e s t r i c t i v e as (4.6-9) while (4.6-
12b) Is just as r e s t r i c t i v e . Because (4.6-12b) has to be s a t i s f i e d only I f the 
v e l o c i t y u changes I t s sign and hence i s small, i t seems reasonable to assume 
that (4.6-12a) Imposes the rea l r e s t r i c t i o n . By a s i m i l a r a n a l y s i s one can 
Prove that i n order to control a m p l i f i c a t i o n of rounding errors for (4.2-4d), 
(4.6-12) must hold as w e l l . 
If we analyse the FDM for the very shallow regions i t follows that for (4.5-
5), (4.6-5) i s always s a t i s f i e d . 
For equations i n the y d i r e c t i o n obviously s i m i l a r conditions must be f u l ­
f i l l e d . It follows that In order to control the a m p l i f i c a t i o n of rounding 
errors the f o l l o w i n g r e l a t i o n s are to be s a t i s f i e d : 

Max ( |um+i,n | &r» I vm,n+|l ? V * k (4.6-13) 

The condition given by (4.6-13) seems to be the only r e s t r i c t i o n for the time 
s t e p for the FDM treated In t h i s chapter. This r e s t r i c t i o n disappears by the 
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a p p l i c a t i o n of p a r t i a l p i v o t i n g , but i t increases the computational e f f o r t . 
By a p p l i c a t i o n of nonlinear extensions (2.3-7) t h i s r e s t r i c t i o n can be c i r ­
cumvented. For many applications, however, (4.6-13) i s not very r e s t r i c t i v e ; 
accuracy considerations, see e.g. section 3.5, w i l l often impose more severe 
r e s t r i c t i o n s . 

For the boundary schemes described i n t h i s section the condition given by 
(4.6-5) i s s a t i s f i e d . The e f f e c t s of the d i s c r e t i z a t i o n s of vuy, uv x, 
v(u +u ) and v(v +v ) have been neglected for t h i s a n a l y s i s . These d i s -xx yy xx yy 
c r e t i z a t i o n s only contribute to reducing the r e s t r i c t i o n s given by (4.6-13), 
as can e a s i l y be v e r i f i e d . 

4.7 Concluding Remarks 

In t h i s chapter a numerical method has been constructed based upon nonlinear 
extension of a l i n e a r method. The advantage of f i r s t considering the l i n ­
earized equations i s that l i n e a r s t a b i l i t y and e f f i c i e n c y can be studied f i r s t 
and then the nonlinear aspects of a FDM. 
There are no arguments to support the opinion that f u l l y nonlinear Integration 
by the trapezoidal r u l e i s more accurate than a l o c a l l y l i n e a r i z e d i n t e g r a ­
t i o n . Both methods are second order accurate. In f a c t , a simple nonlinear 
example could be constructed that i s integrated exactly by l o c a l l i n e a r i z a ­
t i o n . 
I t i s important that the boundary treatment i s such that the amount of compu­
t a t i o n a l c o n t r o l remains bounded i n order to minimize the overhead. 
At inflow boundaries i t seems d i f f i c u l t to construct a stable boundary advec-
t i o n treatment with an order of consistency greater than zero. 
For p r a c t i c a l a p p l i c a t i o n s zero order of consistency for the advection oper­
ator near Inflow boundaries seems to be s u f f i c i e n t l y accurate. S t a b i l i t y i s 
more important near open boundaries. 
A p p l i c a t i o n of a d i s s l p a t i v e FDM i n very shallow regions improves the robust­
ness of a FDM without e f f e c t i n g the o v e r a l l accuracy. 
The matrix structures of the i m p l i c i t equations are such that i n order to 
control the a m p l i f i c a t i o n of rounding errors the maximum timestep might be 
r e s t r i c t e d . For p r a c t i c a l a p p l i c a t i o n s these r e s t r i c t i o n s are not severe; 
moreover, they can be circumvented by a p p l i c a t i o n of the unc o n d i t i o n a l l y 
stable Angled Derivative method or by p a r t i a l p i v o t i n g . 
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5 Numerical experiments 

5.0 Introduction 

During the development of the FDM of chapter 4 many numerical experiments were 
made. These may be subdivided i n t o two classes. The f i r s t c l ass concerns 
numerical experiments with simple geometries. Even so, complicated flow pat­
terns, containing eddies, are induced. The experiments i n t h i s c l a s s were 
performed to study the s t a b i l i t y properties of the FDM, the e f f e c t of the s i z e 
of the timestep, the s e n s i t i v i t y of the FDM to the v a r i a t i o n of the value of 
v i s c o s i t y , and the ef f e c t of perfect s l i p boundary conditions versus no s l i p 
boundary condition. 
The second class concerns the a p p l i c a t i o n of the FDM for p r a c t i c a l problems. 
These experiments were performed to study the flooding and drying procedure, 
the accuracy as function of the timestep, the a b i l i t y to solve steady state 
problems, and s t a b i l i t y . 
The approach followed In t h i s chapter Is purely numerical, i . e . , aspects con­
cerning c a l i b r a t i o n with prototype measurements are considered to be beyond 
the scope of t h i s work. 
In section 1 the numerical experiments concerning eddies i n simple geometries 
are described. The Importance of advectlon, v i s c o s i t y , and boundary conditions 
w i l l be shown with respect to the r e s u l t i n g flow pattern. 
Section 2 contains the d e s c r i p t i o n of p r a c t i c a l experiments considering an 
estuary, the t i d a l i n l e t of an estuary, and a r i v e r s e c t i o n . 
The t e x t u a l explanation of t h i s chapter i s b r i e f . The major part consists of 
figures that i l l u s t r a t e the numerical experiments. 

5.1 Simple geometries 

In t h i s section the following aspects are treated: ( i ) s t a b i l i t y of the advec­
t l o n d i s c r e t i z a t i o n , ( l i ) e f f e c t s of v i s c o s i t y , and ( i l l ) e f f e c t s of perfect 
s l i p and n o - s l i p boundary conditions. 
These aspects were studied by means of two test problems with a simple geome­
tr y and a uniform depth. 

a. Flow past a j e t t y 
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The geometry for t h i s experiment Is given by figure 5-1. 

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIHIIIIIIIIIIIIII 

velocity kater level 
boundary P (time history point) boundary 
(u=O.Vs) f h=25.C m 12 Ay (ç=0.0) 

+ 
iiiiiiiiiiiiiuuiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii/iiiin 

*=0.0 x=13 Ax x* 5 9 

Figure 5-1 Geometry of flow past a j e t t y 
The rectangular basin of figure (5-1) has a length of 59 Ax and a width of 
12 Ay where Ax = Ay = 25 m. The depth i s uniformly 25 m. A j e t t y Is si t u a t e d 
at x-13 Ax . The length of the j e t t y i s 6 Ay. 
We consider a steady-state problem that i s I n i t i a l l y time-dependent. For t h i s 
aim at x=0 a uniform v e l o c i t y u-0.5 m/s Is given as boundary condition and 
at x=59Ax a uniform water l e v e l Ç=0 i s given as boundary condition. 

Because of the j e t t y , the influence of advection i s very important, as can be 
seen from comparison of the flow patterns of figure (5-2 g) and fig u r e (5-4). 

The numerical values of the parameters for figures (5-2) - (5-10) are given by 
table (5-1). 
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Table 5.1 
Figure V T.Cf £ c comment 

(5-2 a-g) 0 30,27 100 63 These figures show the development of an 
eddy behind the j e t t y . The length of the 
eddy grows larger than the domain of the 
problem, because of the small amount of 
d i s s i p a t i o n . 

(5-3) 0 30,27 100 63 This figure shows that steady state i s 
reached only very slowly, which Is also a 
re s u l t of the small amount of d i s s i p a t i o n . 

(5-4) 0 30,27 100 63 This flow pattern i s obtained i f the advec-
t i o n terms are omitted. Comparison with 
f i g u r e (5—2 g) shows the Importance of 
advection. 

(5-5) 0 30,27 100 63 Absence of advection gives a r e a l steady 
state s o l u t i o n , as t h i s time h i s t o r y shows. 

(5-6 a-g) 0 10,9 100 63 Development of the eddy for a smaller time-
step. The f i n a l stage shows two eddies. The 
influence of the timestep i s noticeable. 

(5-7) 0 10,9 100 63 Steady state i s reached slowly, but f a s t e r 
than for t=30. Yet a time-dependent d i s t u r ­
bance remains noticeable. 

(5-8) 0 30,27 0 63 This standing wave superimposed on the 
numerical s o l u t i o n i s obtained i f both 
boundary conditions are purely r e f l e c t i v e . 
Comparison with figure (5-3) shows the 
important influence of (4.4-9) when e#0. 

(5-9) 10 30,27 100 63 Addition of v i s c o s i t y shortens the length of 
the eddy as follows from comparison of 
figure (5-9) with (5-2-g). 

(5-10) 10 30,27 100 63 Addition of d i s s i p a t i o n gives very f a s t 
convergence to steady s t a t e . 
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f1 3 . (5-2 d) t = 40 min. 

f i g . (5-2 e) t = 50 min. 

: i g . (5-2 f ) t = 60 min. 

f i g . (5-2 g) t = 180 min. 

Figure (5-2) Development of eddy behind j e t t y 
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Figure (5-3) Time h i s t o r y at P (see f i g . (5-1)) for flow past a j e t t y , e=100 



Figure (5-4), flow past a j e t t y without advection terms, t = 180 min. 

«4 
to 

Figure (5-5) Time h i s t o r y at P (see (5-1)) for flow past a j e t t y without advection terms 



F i e . (5-6 a) t = 10 rain. 

F i gure (5-6 b) t • 20 min. 

Figure (5-6 c) c = 30 rain. 

Figure (5-6 d) l.V, min. 

Figure (5-6) Development of eddy behind j e t t y 
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f i g u r e (5-6 e) t = 50 min. 

S/ 
/ f 

Figure (5-6 f ) t = 60 rain. 

Figure (5-6 g) t = 180 min. 

Figure (5-6) Development of eddy behind j e t t y 
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Figure (5-7) Time h i s t o r y at P (see f i g . (5-1» for flow past a j e t t y 
E =• 100 



Figure (5-8) Time h i s t o r y at P, (see f i g . (5-1)) for flow past a j e t t y with 
purely r e f l e c t i v e boundary conditions 
v • 0, x = 30, E = 0 



Figure (5-9), steady state flow past a j e t t y with v i s c o s i t y 

Figure (5-10) Time h i s t o r y at P (see f i g . (5-1)) for flow past a j e t t y with v i s c o s i t y 



- 178 -

b) Flow past a backward step 

For the geometry of figu r e (5-11) we have chosen time-dependent boundary 
conditions. This model represents a t i d a l flume, see Wang [4]. 

y=0.4m IIIIIIIIIIIIIIK uniform depth = 0.1 m 

flow 

, window for figures (5—12)—(5-15) 

iiiiiiiiiiiiiihjiijmmmmmiijmmmmniiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii 
x=0.0 x=l .0 m 3C=3.0 m x=5.0 m 

Figure (5-11) T i d a l flume 

Again the geometry has been chosen such that the influence of advection i s of 
c r u c i a l importance for the character of the flow pattern. 

The i n i t i a l conditions are given by: 

u(0) - 0, v(0) = 0, Ç(0) = 0 

The boundary conditions are given by: 

At x-=0: 

v ( t ) - 0, u(t) - E u s i n Ù) t , 0 < t < 75 s 
J-1 i J 

where 
2* 

Uj = j , j " 1, 2, 3, Uj • 0.375 m/s, u 2 " 0.05 m/8, and u-j » 0.01 m/s 

At x - 5.0: 
C(t) - 0, 0 < t < 5 

3 
C(t) * £ C s i n u (t-5) 5 < t < 75 

j-1 3 j 

C, = 0.021, C 2 " ° - 0 0 1 a n d C 3 " 0.0005 



- 179 -

For the i n i t i a l and boundary conditions given above several numerical values 
for v and a were used. The r e s u l t s are i l l u s t r a t e d by the figures (5-12) to 
(5-15). The g r i d s i z e was Ax = Ay - 0.025 m. The timestep was x = 0.125 s. The 
numerical values f o r v and a are given by table 5.2. The Chezy c o e f f i c i e n t was 
C - 62.64. 

Table 5.2 

Figure v a Comment 

5-12 a-d 2.3 10"^ 1 This example has a perfect s l i p boundary c o n d i t i o n . 
The growth of a time-dependent eddy i s demon­
str a t e d . Only one eddy develops. The flow i n back­
ward d i r e c t i o n follows the r i g i d w a l l s . 

5-13 a-d 2.3 10 _ Z t o This example has a n o - s l i p boundary co n d i t i o n . Here 
the emergence of several eddies i s shown. Despite 
the complicated flow patterns s t a b i l i t y was main­
tained. From a q u a l i t a t i v e point of view the flow 
patterns are according to the measurements of Wang 
[4]. The development of secondary eddies i s too 
f a s t , however. 

5-14 a-d 10~ 3 0 The increased v i s c o s i t y suppresses the development 
of secondary eddies and changes the flow patterns 
completely. This example has a n o - s l i p boundary 
con d i t i o n . 

5-15 a-d 2.3 10~ 4 0.1 By changing the s l i p condition at the r i g i d w a l l s 
the emergence of secondary eddies i s delayed, which 
improves the agreement with measurements. 
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1 

Figure (5-12 a) Development of time-dependent eddy i n t i d a l f l 
perfect s l i p boundary co n d i t i o n , t = 5 s 
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Figure (5-12-b) t = 15 s 
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Figure (5-12-c) t - 25 s 
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I I 

Figure (5-13 a) Development of time-dependent eddies i n t i d a l flume, n o - s l i p 
boundary condi t i o n , t » 5 sec 



- 185 -

. t t f t T T T T r r i T T T T T T T r r T r T -r T r T T * 

. M t t H M f l l H H t t » f t » » H t t M l 

. i H t H M I M H M t H M H I I H l n 

. i M H t f t t M l f l t l t t f t l M H t t t i 

. . » * t « t t t t t t t t t t t * t t t t t t t t t * t « 

. H M t f t l M t t t t l l t M t t t H t t t M 

. . H f t t H t m t t t M M f t t M t O l l 

. . > M M ( ( H f H ( I H t t ( t K H M ( , 

• • l M M t l t H t t t « l f t t t l M » l » l l , 

. H M f t l M t t t t M l t t t t t f t t H t t . 

. M M M M M t t H ( » t f f t t t f t ( ( ( l i 

. i t M t t t t l M t t l t t t t t t l f f t M t n 

. » t t t * t t t t t t t t t t t t t t t f f t t t t « « < 

. t » « t t f t t * t « t t t t t t t f t t t f t * « « » « 

• • M M M M ( t M M t m f t t t t t » l l . , 
• i I M I M M U M U t M t t t t l f f t l I i . 

• • i m u M M H t t t t t t t t t t f f t t i . . 

. . . . M i M U M t M M M t t t f t t M . . . 

M t M U U U t l t t t t t t l t i . . . 

« t M M n n n u i t t t » • i i . . 
i««««t%***MliYiittt**«., 
.««i^-trruuuuttt», . . 

.^•^•wrwwumit». . . 

. . * « . w \ \ u u u u u i t . . . 

* * ^ \ \ \ \ U \ U U U l t « . . 

. ^ W W U W U U U t t , . 

* ^ \ \ \ u n u m m , . 
,«nUUUUUUtt» . 

t t i u u u u n t t i t . 
t t l U I I U U t t t t t . 
t t i t t u m m t f . 
tttttttttttttt, . 
t t î î t î î î t t t î î t » . 
t i t t î î î î î î î î t t . 

• t t î î î î î î î î t î t t . 
» t t t t t t t t t t t t t t . 

t T î î î î î T î î î 1 1 1 . 

Figure (5-13-b) t - 15 s 



- 186-

t t t î t î î î î î î î î î î t t 
t l t l l l l l t U H l t l t 

< H U U M M \ \ \ M < 
I ^ W \ \ \ \ \ \ U \ M < 
^ w \ \ \ \ \ \ \ \ \ \ \ u 
, ^ W \ \ \ \ \ \ \ \ \ \ M 

^ \ \ \ \ \ \ \ \ \ \ 
^ \ \ \ \ \ \ \ \ \ 
, i w \ \ \ \ \ \ \ 
. , ^ w \ \ \ \ \ 

. f t î j l l l l 

»•tttltU 

»ttttt 

. f t t t t 

. . t t t î 

M t t 
. . t l 
. . ,1 

• O 
.„ »1 
. . , t 
. . • t 
. . . t 

» « 

» » 

« » 

t y 

\\ 
\\\ 
\\ 
\\ 
\\ 
w 
\ 
\ 
y 
V 
\ 
' 
1 
1 11 

m í 
t i r 
m í 
m í 
1111 
11 
1111 

11. 
t i m m 
m m • 
m -11111111 
m m m m 
î î î î H t T t t t l 

t * <, 
ti •, 
W • . 

M , 
Mí 
U i 
U t » . 
Ut<, 
U í t « 
U U i 

1t« 
U i 
Ut 
Ut 
Ut 
Ut 
î î t 
111 
l î î 
l î î 
l î î 
î î î 
111 

» 

1 
« 
t 
t 
t , 
1 . 
T . 
1 . 
1 . 

Figure (5-13-c) t - 25 s 



- 187 -

* * » 

• i * 

• I i 

• I i *' •' 
• i i * • • • 
• 1 i i * • • 

• ; I I k • • 

• * * * » * 

, i u u u u m i i n t t » 

^ u u n u u m t t t t 
. , ^ \ u \ \ U \ u m t t t . . . . 

t 

,fft!T1t 
,ffttlU 
,,ttttn 

,„tfttti 
,,ttttiti 

M t t f f t 
. r t t t t l 

t<\\\\\ 

,*\\\\]] 

. t i l l 
. . t t t t 
. . . t t t 
..ftt 

. . .•ft 
..•tt 
.•tt 
,tT 

\*». 

t i n 
t i n 

n 
tt 
It 
tt 
tt 
Tt 
Tt 

1 
T 
TTTt 
TTTT 
n t t 
TTTt 
TTTt 
TTTT 
UTT 
TTTT 
TTTT 
TTTT 
TTTT 
TTT 

TTTT 
" I t 

Figure (5-13 d) t = 35 s 



- 188-

* « « * » * « • » » • * . 

1 

Figure (5-14-a) Development of time-dependent eddy i n t i d a l flume with 
increased v i s c o s i t y , t « 5 s 
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Figure (5-15-a) Development of time-dependent eddies In t i d a l flume, 
t - 5 s 
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The f o l l o w i n g conclusion i s drawn from the experiments described i n t h i s 
s e c t i o n : 
stable r e s u l t s can be obtained for rather complicated flow patterns, because 
of the Influence of the advection operator, without the i n t r o d u c t i o n of numer­
i c a l v i s c o s i t y . 
For these s i t u a t i o n s the FDM of chapter 4 allowed very large timesteps as f a r 
as s t a b i l i t y i s concerned. 

5.2 P r a c t i c a l a p p l i c a t i o n s 

During the development of the FDM (4.2-4), the method was applied to several 
p r a c t i c a l s i t u a t i o n s . In t h i s s e c t i o n we describe three a p p l i c a t i o n s , a l l 
r e l a t i n g to estuaries or r i v e r s i n the Netherlands, see f i g u r e 5-16, but they 
are not a thorough d e s c r i p t i o n of a l l the physical aspects of the waters under 
consideration. These examples i l l u s t r a t e three numerical aspects: (1) the 
flooding and drying procedure, (11) the e f f e c t of the timestep, and ( i l l ) the 
a b i l i t y to solve steady state problems. 

a. Eems-Dollard estuary 

The Eems-Dollard i s an estuary i n the northern part of the Netherlands. We use 
t h i s a p p l i c a t i o n to demonstrate the flooding and drying procedure described i n 
sect i o n 4.5. For t h i s aim t h i s estuary i s p a r t i c u l a r l y w e l l suited because 
during a t i d a l cycle about 50 percent of the t o t a l area changes from dry to 
wet and vice versa. The following numerical values were used: 

Ax = Ay = 300 m 
% - 150 s 
6 = 0.025 m o 
6 = 0.3 m 

2 
v = 10 m /s 

The Chezy c o e f f i c i e n t s were derived from the Manning c o e f f i c i e n t s . This r e l a ­
t i o n i s given by: 

C = 1.49/n H 1 / 6 (5.2-1) 
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Figure (5-16) Location of the models 5.2, 5.3 and 5.4 
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where r\ denotes the Manning c o e f f i c i e n t . The numerical values of t h i s c o e f f i ­
cient are varying i n space. The average value was about 0.02. 

The i n i t i a l geometry i s given by figure (5-17). The boundary conditions are 
given by figures (5-18) and (5-19). The geometry and the flow pattern as 
function of time during a t i d a l cycle i s given by figures (5-20 a, b, c, d, e, 
and f ) . 

The i n i t i a l conditions were zero v e l o c i t i e s , and the water l e v e l s were at the 
average zero l e v e l . This i s an improper choice of the i n i t i a l conditions 
because i n general i n an estuary zero v e l o c i t i e s coincide with maximum (high 
t i d e ) or minimum water l e v e l s (low t i d e ) . Therefore these I n i t i a l conditions 
w i l l generate a s u b s t a n t i a l i n i t i a l disturbance, but i t does not cause i n s t a b ­
i l i t i e s , as i s i l l u s t r a t e d by figure (5-21). 
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Figure (5-17) I n i t i a l geometry [ + 1 dry t i d a l f l a t s LXIclosed boundaries 
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Figure (5-18) Boundary conditions 
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Figure (5-19) Boundary condition 
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Figure (5-20) a Geometry of t i d a l f l a t s and flow pattern 
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Figure (5-20) b Dry t i d a l f l a t s 
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The conclusions which can be drawn from t h i s example i s that the numerical 
drying and flooding procedure does not reduce the s t a b i l i t y of the FDM of 
chapter 4. Even wiggles are not being introduced by t h i s procedure. 

b. T i d a l i n l e t Eastern Scheldt 

In t h i s section we describe an a p p l i c a t i o n of the FDM (4.2-4) to the flow i n a 
part of the t i d a l i n l e t of the Eastern Scheldt. The Eastern Scheldt i s an 
estuary i n the southern part of the Netherlands, see figure (5-16). A large 
storm surge b a r r i e r Is under construction at the entrance of t h i s estuary. To 
support the construction works a sequence of numerical models has been set up 
by Rijkswaterstaat i n c o l l a b o r a t i o n with Dr. J . J. Leendertse of The Rand 
Corporation, USA. The g r i d s i z e of t h i s sequence varies from 400 m to 45 m. In 
t h i s section we describe the a p p l i c a t i o n of the FDM of chapter 4 to a model at 
the t i d a l i n l e t with a 90 m g r i d . 
Again we use t h i s example to study one p a r t i c u l a r aspect that concerns the 
ef f e c t of the s i z e of the timestep t on the flow patterns. The f o l l o w i n g 
numerical values were used: 

Ax =• Ay = 90 m 
n = 0.02 
6 = 0.025 m 
o 

6 = 0.5 m 
2 

v • 15 m Is 

The values T = 60 s and T - 300 s were chosen f o r the timestep, which f o r t h i s 
estuary implies Courant numbers of approximately 17.5 and 87. According to 
phase and amplitude errors calculated for purely i n i t i a l value problems with 
uniform depth, both timesteps are s u f f i c i e n t to obtain accurate r e s u l t s . Yet 
for the l a t t e r the flow patterns are calcula t e d rather inaccurately as follows 
from comparison of figures (5-22) and (5-23) r e l a t i n g to maximum v e l o c i t i e s at 
flood and figures (5-24) and (5-25) representing maximum v e l o c i t i e s at ebb. 
The t i d a l range of the model was about 3 m. Stable r e s u l t s were obtained f o r 
Courant numbers of about 100. Accuracy required a much smaller Courant number, 
which confirms the conclusion of Benq'ué et a l . [ I ] . 
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Figure (5-24) Maximum v e l o c i t y at ebb, x • 60 s 
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Figure (5-25) Maximum v e l o c i t y at ebb, x = 300 s 
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The conclusions which can be drawn from t h i s example are twofold: 
(1) Also for p r a c t i c a l aopl 1 rat 1 on« the s t - ^ M l l t v of thp FT)M of chapter 4 Is 

p r a c t i c a l l y u n r e s t r i c t e d , 
( i i ) The accuracy l i m i t s the maximum timestep. This i s possibly due to the ADI 

structure as has been explained q u a l i t a t i v e l y i n s e c t i o n 3.5. 

c. Steady r i v e r flow 

In t h i s section we describe an a p p l i c a t i o n of the FOM (4.2-4) to a steady 
r i v e r flow problem. The purpose of t h i s model i s a d e t a i l e d flow pattern study 
of a section of the r i v e r Maas, see f i g u r e (5-16). 
This problem has also been studied by Vreugdenhil and Wijbenga [3], who ap­
p l i e d a numerical method as described by Leendertse [2]. The flooding and 
drying procedure i s applied to c a l c u l a t e the flood l e v e l s . 

I t was found that the steady state flow pattern, see figure (5-26), could be 
obtained by using a timestep T - 20 s, which was 10 times as large as the 
timestep used by Vreugdenhil and Wijbenga [3]. This led also to a decrease of 
the computational time by a f a c t o r 10. Moreover the a d d i t i o n of v i s c o s i t y , 
purely for s t a b i l i t y reasons as described by Vreugdenhil and Wijbenga [3] was 
not necessary. This example i n p a r t i c u l a r shows the increased s t a b i l i t y prop­
e r t i e s of the FDM compared with the c l a s s i c a l Leendertse scheme. 

For aspects concerning c a l i b r a t i o n , the reader i s referred to Vreugdenhil and 
Wijbenga [3]. 

The numerical parameters are given by: 

v = 1 m / s 
6 = 6. = 0.02 m o 1 
Ax = Ay = 30 m 
x — 20 s 

The Chezy c o e f f i c i e n t s were calcula t e d according to the White-Colebrook f o r ­
mula given by 
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C = 1 8 1 0 log (12 H/u) (5.2-2) 

where u denotes the bottom roughness c o e f f i c i e n t . 

At the open boundaries discharges were given at the inflow boundary (Q = 3750 
m-'/s) and water l e v e l s at the outflow boundary. 

The c a l c u l a t i o n s f o r t h i s example were performed i n cooperation with 
i r . A. Wijbenga of the Del f t Hydraulics Laboratory. 
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5.3 Concluding remarks 

The FDM of chapter 4 i s a robust method that i s applicable to a wide range of 
simulation problems varying i n s i z e from shallow seas to t i d a l flumes i n 
hydraulic l a b o r a t o r i e s . 

The unconditional s t a b i l i t y of the FDM has been confirmed by p r a c t i c a l e x p e r i ­
ments just as has the absence of a r t i f i c i a l v i s c o s i t y . The a b i l i t y of the FDM 
to represent the r e a l v i s c o s i t y accurately i s very important f o r the simula­
t i o n of complicated flow patterns. 

ADI structure of the FDM seems to l i m i t the maximum timestep. Because the 
i m p l i c i t equations can be solved very e f f i c i e n t l y while the storage r e q u i r e ­
ments are minimal, we believe the FDM i s competitive to a f u l l y i m p l i c i t 
method as described by BenquS et a l . [ 1 ] , Moreover, for t h i s f u l l y i m p l i c i t 
method the maximum timestep i s l i m i t e d by the advectton approximation. 
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6 Conclusions 

A numerical method has been developed that i s applicable to a wide range of 
p r a c t i c a l , shallow water flow problems. 
Considering the computational labour per timestep and the storage require­
ments, t h i s method i s very e f f i c i e n t , e s p e c i a l l y i f i t s robustness i s taken 
i n t o account. I t s numerical d i s s i p a t i o n i s minimal. 
Probably more important than the method i t s e l f i s the d e s c r i p t i o n of the step-
by-step process by which i t has been developed and the number of d e t a i l s that 
were considered. Only by considering many d e t a i l s , such as t i d a l f l a t s or 
boundary treatment for complicated geometries, which from a mathematical point 
of view are perhaps not very i n t e r e s t i n g , can a numerical method be developed, 
that i s capable of solving p r a c t i c a l problems. 
Obviously the method described here i s not the only possible numerical method 
for SWE. If minimal storage requirements and robustness are considered equally 
Important, t h i s method Is very e f f i c i e n t . If the storage requirements are le s s 
stringent, then the method can e a s i l y be modified i n t o a f u l l y i m p l i c i t method. 
The approximation of the advection operator i s i n fact already f u l l y i m p l i c i t . 
This would circumvent the disadvantageous e f f e c t s of the ADI structure with 
respect to the maximum timestep. 
The staggered g r i d seems a very important aspect to guarantee robustness and 
s i m p l i c i t y of boundary condition procedures. 
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Appendix , Notation 

C Chezy c o e f f i c i e n t 

Cf Courant number 

E ,E , e t c . f i n i t e d i f f e rence operators 

f c o r i o l i s parameter 
( x y) 

F external f o r c i n g functions of momentum equations 

g a c c e l e r a t i o n due to gr a v i t y 

h water depth below some plane of reference 

H t o t a l water depth 
5 ,S , e t c . f i n i t e d i f f e rence operators +x ox v 

t time 

u v e l o c i t y i n x d i r e c t i o n 

v v e l o c i t y i n y d i r e c t i o n 

x,y s p a t i a l coordinates 

a weighting factor for non s l i p and perfect s l i p 
boundary conditions 

6 threshold for flooding or drying 
o 

<5i threshold for a p p l i c a t i o n of d i s s i p a t i v e numerical 
approximations 

Ax,Ay s p a t i a l g r i d s i z e s 

e weighting factor for non r e f l e c t i v e part of open 
boundary conditions 

Ç water l e v e l above some plane of reference 

n, Manning c o e f f i c i e n t 

U bottom roughness c o e f f i c i e n t for White Colebrook formula 

v v i s c o s i t y c o e f f i c i e n t 

T time increment 



Appendix , Notation (continued) 

du 
u x • o7 ' 

5u . 
u y " B7 * 

ou 
u t " aT • 

k 
u at m, n, k denotes: u m n , 

k k 
uox a t ra- k d e n o t e s : (um+|,n" u r a - i , n ) / A x ' 

k k 
u o y at ra, n, k denotes: ( u m > n + i - " m , n - i > / A y • 

. k+i k-}. . u Q t at ra, n, k denotes: ( u ^ - u m > n ) / T , 

k k 
u + x at ra, n, k denotes: ( u ^ ^ - " m > n ) / A x , 

k k 
u_ x at ra, n, k denotes: ( u r a > n ~ u

r a - l > n ) / A x • 

k k 
u + y at ra, n, k denotes: ( u m > n + r u m > n ) / A y , 

k k 
u_ y at ra, n, k denotes: ( u ^ - u r a > n _ 1 ) / A y , 

ü* at ra, n, k denotes: ( u k + u k )/2 , 
m+i,n m-i,n 

i?' at ra, n, k denotes: ( u k ,+ u k ,)/2 and 
m,n+t m,n-i 

k k k k 
u at ra, n, k denotes: ( u m + ^ > n + i + u m _ } > n + } + u ^ ^ 
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Summary 

Calculations of v e l o c i t i e s and water l e v e l s i n shallow seas, estuaries or 
r i v e r s are often based on shallow water equations, which have many methods for 
numerical s o l u t i o n . Often these methods f a i l when they are applied to s i t u a ­
tions with a complicated flow pattern. Numerical problems such as spurious 
"wiggles" or i n s t a b i l i t i e s are often solved with the addition of numerical 
d i s s i p a t i o n . 
A d e s c r i p t i o n i s given of a method that i s applicable to many problems varying 
from the e n t i r e North Sea to a t i d a l flume i n a hydraulic laboratory. This 
method i s developed step by step. F i r s t , simple examples i l l u s t r a t e important 
notions of numerical analysis such as convergence and s t a b i l i t y . O v e r s p e c l f i -
c a t i o n of boundary conditions leading to useless numerical solutions i s also 
I l l u s t r a t e d by means of simple examples. 
For a simple advection equation a number of numerical methods are compared. A 
few new and e f f i c i e n t methods are introduced. Because of t h e i r structure these 
methods can be implemented for the approximation of the advection operator, 
w i t h i n ADI methods for the approximation of shallow water equations. 
For simple, l i n e a r , shallow water equations the advantages of "staggered" 
grids are explained. "Staggered" grids are not only e f f i c i e n t but are also 
useful for e l i m i n a t i n g wiggles. 
By means of the aforementioned advection method the Leendertse scheme i s 
modified such that some t h e o r e t i c a l disadvantages of t h i s scheme are e l i m i ­
nated. 
This modified scheme i s extended, in c l u d i n g d e t a i l s concerning boundary t r e a t ­
ment and t i d a l f l a t s , to nonlinear, shallow water flow problems. Some varying 
examples i l l u s t r a t e the a p p l i c a b i l i t y of the method. 
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Samenvatting 

Ondiep water v e r g e l i j k i n g e n vormen d i k w i j l s de basis voor de berekening van 
snelheden en waterstanden i n ondiepe zeeën, estuaria of r i v i e r e n . Voor de 
numerieke oplossing van deze v e r g e l i j k i n g e n z i j n veel methoden bekend. Dik­
w i j l s echter falen deze methoden Indien z i j worden toegepast voor s i t u a t i e s 
met een ingewikkeld stromingspatroon. Numerieke problemen die z i c h dan kunnen 
voordoen, zoals "2Ax golven" of i n s t a b i l i t e i t worden d i k w i j l s opgelost door 
toevoeging van numerieke d i s s i p a t i e . 
Dit werk bevat de bes c h r i j v i n g van een methode die toepasbaar i s op een ruim 
scala problemen variërend bijvoorbeeld van de gehele Noordzee tot een g e t i j -
goot i n een waterloopkundig laboratorium, zonder dat numerieke v i s k o s i t e i t een 
overwegende r o l speelt. 
De methode wordt stap voor stap ontwikkeld. Eerst worden aan de hand van 
eenvoudige voorbeelden enkele belangrijke begrippen u i t de numerieke wiskunde 
zoals s t a b i l i t e i t en convergentie nader t o e g e l i c h t . Eveneens met eenvoudige 
voorbeelden wordt geïllustreerd hoe o v e r s p e c i f i k a t i e van randvoorwaarden l e i d t 
tot onbruikbare numerieke oplossingen. 
Vervolgens wordt voor een eenvoudige advectte v e r g e l i j k i n g een aantal numerie­
ke methoden vergeleken. Enkele nieuwe en efficiënte methoden worden geïntrodu­
ceerd die vanwege hun struktuur zeer wel In te passen z i j n a l s numerieke 
advectieve operator i n ADI methoden voor de numerieke oplossing van ondiep 
water v e r g e l i j k i n g e n . 
Voor vereenvoudigde l i n e a i r e ondiep water v e r g e l i j k i n g e n worden de voordelen 
van "gestaggerde" roosters uitgelegd. "Gestaggerde" roosters z i j n niet a l l e e n 
efficiënt maar vormen ook een methode om zogenaamde "2Ax golven" te elimine­
ren. 
Door middel van de reeds genoemde advectieve methode wordt het Leendertse 
schema gemodificeerd zodanig dat enkele theoretische nadelen van deze methode 
worden geëlimineerd. Dit wordt uitgelegd voor l i n e a i r e v e r g e l i j k i n g e n . Dit 
schema wordt tot i n d e t a i l s , die betrekking hebben op randvoorwaarden en 
droogvallende platen, uitgebreid voor de numerieke oplossing van praktische, 
ni e t l i n e a i r e stromingsproblemen i n ondiep water. 
Aan de hand van enkele uiteenlopende voorbeelden wordt de toepasbaarheid van 
de methode geïllustreerd. 
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S t e l l i n g I. 
B i j toepassing van de matrix methode voor de bestudering van s t a b i l i t e i t van 
numerieke methoden voor de benadering van p a r t i e l e d i f f e r e n t i a a l verge­
l i j k i n g e n wordt een vorm van s t a b i l i t e i t onderzocht die n i e t noodzakelijk 
convergentie i m p l i c e e r t . 

S t e l l i n g I I . 
Door toepassing van gestaggerde roosters wordt, ten 
gebaseerd op nie t gestaggerde roosters, n i e t a l l e e n 
numerieke methoden voor ondiep water ve r g e l i j k i n g e n 
robuustheid. 

S t e l l i n g I I I . 
Voor de numerieke benadering van de advectie operator van ondiep water 
ver g e l i j k i n g e n i n de buurt van randen i s de orde van nauwkeurigheid nie t van 
invloed. Slechts van belang i s dat men een s t a b i e l e en n i e t een t o t 
z.g. "wiggles" aanleiding gevende benadering k i e s t . 

S t e l l i n g IV. 
B i j ADI schema's voor ondiep water ve r g e l i j k i n g e n kan de maximale t i j d s t a p 
b i j w i l l e k e u r i g e gebieden worden beperkt doordat het numerieke afhankelijkheids 
gebied per t i j d s t a p n i e t noodzakelijk het exacte afhankelijkheidsgebied 
v o l l e d i g bevat. 

S t e l l i n g V. 
Benadering van de advectie operator van ondiep water vergelijkingen door middel 
van k a r a k t e r i s t i e k e i n t e r p o l a t i e methoden i n combinatie met "operator s p l i t t i n g 
veroorzaakt voor s t a t i o n a i r e problemen toevoeging van numerieke d i f f u s i e van de 
eerste orde, d i t ongeacht de orde van het gebruikte i n t e r p o l a t i e polynoom. 

S t e l l i n g VI. 
Voor getijberekeningen van es t u a r i a dient men de beginvoorwaarden b i j voorkeur 
met hoogwater te laten samenvallen. 

S t e l l i n g V I I . 
B i j koppeling van 1- en 2-dimensionale numerieke modellen voor stromingspro­
blemen i n ondiep water, waarbij de modellen gebaseerd z i j n op verschillende 
rooster-strukturen, verdienen koppelingsschema's op basis van k a r a k t e r i s t i e k e 
v e r g e l i j k i n g e n de voorkeur. 

G.S. S t e l l i n g , Coupling 1-D and 2-D h o r i z o n t a l flow models, 
Proceedings I n t . Conference Numerical Methods for Coupled 
Problems, Swansea, 1981. 
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S t e l l i n g V I I I . 
De i n d i t p r o e f s c h r i f t beschreven methode voor de b e n a d e r i n g van o n d i e p water 
v e r g e l i j k i n g e n i s t e beschouwen a l s een methode gebaseerd op 
" o p e r a t o r s p l i t t i n g " , d i e e c h t e r geen a a n l e i d i n g g e e f t t o t s p e c i a l e 
problemen met b e t r e k k i n g t o t de numerieke weergave van randvoorwaarden op de 
t u s s e n n i v e a u ' s . 

S t e l l i n g I X . 
Voor de numerieke a p p r o x i m a t i e van 1-dimensionale o n d i e p water v e r g e l i j k i n g e n 
i s het box schema b i j u i t s t e k g e s c h i k t door de a f w e z i g h e i d van l o u t e r 
numerieke g o l v e n en de a a n w e z i g h e i d van met de a n a l y t i s c h e o p l o s s i n g o v e r e e n ­
komende e i g e n v e c t o r e n . Daardoor i s de b e n a d e r i n g van n i e t - r e f l e c t e r e n d e 
randvoorwaarden met behulp van het box schema v r i j w e l e x a c t . 

G.K. Verboom, G.S. S t e l l i n g en M.J. O f f i c i e r ; 
Boundary C o n d i t i o n s f o r the S h a l l o w Water E q u a t i o n s , 
E n g i n e e r i n g A p p l i c a t i o n s f o r C o m p u t a t i o n a l H y d r a u l i c s , Volume I , 
(M.B. Abbott en J.A. Cunge ed.) Pitman P u b l i s h i n g , 1982. 

S t e l l i n g X. 
B i j de b e r e k e n i n g van l a n g s k r a c h t e n op schepen i n s l u i z e n met v u l - en 
l e d i g g i n g s s y s t e e m i n de hoofden i s het v e r s c h i l t u s s e n de r e s u l t a t e n v e r ­
kregen op b a s i s van de s t a r r e s c h i p t h e o r i e o f de f l e x i b e l e s c h i p t h e o r i e 
g e r i n g . Teneinde s t a b i l i t e i t s p r o b l e m e n b i j numerieke b e r e k e n i n g e n t e 
r e d u c e r e n v e r d i e n t daarom de f l e x i b e l e s c h i p t h e o r i e de v o o r k e u r . 
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G.S. S t e l l i n g , 
Rekenschema 1s voor de w a t e r - en scheepsbeweging i n een s c h u t ­
s l u i s , 
W a t e r l o o p k u n d i g L a b o r a t o r i u m D e l f t , Rapport S105, 1978. 
K. den Boer, 
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S t e l l i n g XI. 

B i j de invoering van informatica i n het onderwijs verdient het aanbeveling 
d i t vakgebied vooral te doceren a l s onderdeel van bestaande opleidingen i n 
uiteenlopende rich t i n g e n en i n mindere mate a l s z e l f s t a n d i g specialisme. 

S t e l l i n g X I I . 

Het volgens sommigen welhaast vaststaande f e i t dat computers binnenkort het 
schaakspel kunnen spelen op het niveau van grootmeesters, t e r w i j l velen d i t 
spel beschouwen a l s een aangename bezigheid, i l l u s t r e e r t dat het een 
i l l u s i e i s te menen dat computers u i t s l u i t e n d gebruikt kunnen worden voor 
de automatisering van saai en onaangenaam werk. 

S t e l l i n g X I I I . 

Een eenvoudige 7/8 tuigage i s ongeschikt voor t o e r z e i l j a c h t e n . 
Dit wordt veroorzaakt door mogelijke i n s t a b i l i t e i t van de spanningsver­
deling i n de hoofdwanten. 










